Maple 2018.2 Integration Test Results
on the problems in "6 Hyperbolic functions/6.3 Hyperbolic tangent"

Test results for the 23 problems in "6.3.1 (c+d x)”m (a+b tanh)"n.txt"

Problem 1: Result more than twice size of optimal antiderivative.
J(dx+c)3tanh(fx+e) dx

Optimal (type 4, 109 leaves, 6 steps):
(dx+o)? N (dx +¢)3In(1 +2/*T2¢e) N 3d (dx +c)?polylog(2, -/ *2¢) 342 (dx +c) polylog(3, -e2/*12¢) L 3 d> polylog (4, -e>/*+2¢)
4d S 27 27 41

Result (type 4, 393 leaves):
3 x+e 3 2fx+2e 3 4
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2/ 2/ 2/ 2/ f
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Problem 2: Result more than twice size of optimal antiderivative.
J(dx—i—c) tanh(fx +e) dx

Optimal (type 4, 53 leaves, 4 steps):
(dx+c)? | (dx+e)In(1 +&2/¥12¢) N dpolylog(2, -2/x+2¢)

2d 7 2
Result (type 4, 108 leaves):
_ﬁ tox cln(1 +2/xF2¢) _ 2cIn(ef*te) _ 2dex ﬁ + din(1 +e2/¥+2e) « " d polylog(2, -g2/xt2e) + 2deln(ef*te)
2 f f f 7 f 2/ 7

Problem 3: Result more than twice size of optimal antiderivative.
J.(dx+c)2tanh(fx+e)2dx
Optimal (type 4, 86 leaves, 6 steps):
(dx+c¢)? L (dx+¢)3 L 2d(dx+e) In(1 +e2/*¥+2e) +d2p01y10g(2, ~2/¥F2e)  (dx +c)?tanh(fx + e)

f 3d e £ f



Result (type 4, 176 leaves):
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Problem 6: Unable to integrate problem.
J(dx-i—c) (btanh(fx +e) )5 /2 dx

Optimal (type 4, 1108 leaves, 44 steps):

2
2 /Zdarctan( btanh(/x +e) ] (—b)5/2(dx+c) arctanh[ banh(fx +e) (—b)S/zdarctanh[  btanh(fx +e)
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25 /zdarctanh[ btanh(fx + e) bS /2 (dx+c) arctanh[ btanh(/x +e) ] bd /zdarctanh[ / btanh(/fx +e)
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b’ /2 darctanh V btanh(/x +e) J 2\/7(\/T—\/btanh(fx+e) ) )

(V=2 -7 ) (Vo +btanh(/x+e) )
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2% (V=5 +/Dtanh(/x Te) ) J
(V=2 +v?) (VB +btanh(fx+e) )
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J-b
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(-b)5/2darctanh[ btanh(fx +e) Jln 2(\/_—Vbtanh(fx+e) )
Vb (\/7+\/7)[1_\/btanh(fx+e)
Vb
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o - 2 (T & FaRETeT)
(777 7)1 - JPeEEe

(—b)5 /2darctanh[  bianh(/fx +e)
J-b

NEa
_ 7
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(-b)5 2 dpolylog[ 2,1 — 2
55 /2dpolylog[2’ . 235 (V=h +bhtanh(fx +e) ) | _ Jbanh(fx+e)
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41 41
(-b)% 2 dpolylog| 2,1 — 2
1+ J btanh( fx + e)
N Vb _ 4b*dJbtanh(fxte)  2b(dx+c) (btanh(fx +e))3 /2
2/ 32 3f

Result (type 8, 18 leaves):
J(dx—i—c) (btanh(fx +e) )3 /2 dx

Problem 7: Unable to integrate problem.
J(dx—i—c) (btanh(fx +e))3 /2 dx

Optimal (type 4, 1089 leaves, 43 steps):

2173 /zdarctan[ Vbtanh(fx+e) ] (_b)3 /2 (dX+C) arctanh[ \/btanh(fx+e)
5 ) =3 )
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btanh(fx +e)

203 /2 d arctanh[

b /2 (dx +c) arctanh[ btanh(fx +e) J b3 /zdarctanh[ b tanh(fx + e)
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Vo +banh(fxte) ) (V=5 =7 ) (VB +/banh(/x+e) )
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5 /2 dpolylog| 2.1 - 235 (V=5 +Jbtanh(/x +e) )

(-5)% 2 dpolylog[ 2,1 — 2
| — V btanh(fx +e)
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Result (type 8, 18 leaves):
J(dx-i—c) (btanh(fx +e))3 /2 dx
Problem 8: Unable to integrate problem.
J(dx—l—c)\/btanh(fx-l—e) dx
Optimal (type 4, 1020 leaves, 37 steps):
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Result (type 8, 18 leaves):

J-(dx+c) Jbtanh(fx +e) dx

Problem 9: Unable to integrate problem.

J dx+c dr
btanh(fx +e)



Optimal (type 4, 1020 leaves, 37 steps):
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Result (type 8, 18 leaves):

J dx+c dr
btanh( fx +e)

Problem 19: Result more than twice size of optimal antiderivative.

J(dx+c)2 (a +btanh(fx+e))? dx

Optimal (type 4, 205 leaves, 13 steps):
_bz(dx+wj2 +_a2(dx+wﬂ3 _ 2ab (dx+c)3 +_bz(dx-i-c)3 2b%d (dx +c¢) In(1 +&2/¥+2e) n 2ab (dx+c)?In(1 +e2/>+2e)

f 3d 3d 3d + £ f
N b2 d* polylog(2, -e?/**2¢) + 2abd (dx +c) polylog(2, -e*/*T2¢)  abd®polylog(3, -e*/*12¢)  p? (dx+c)*tanh(fx +e)
7 7 4 !

Result (type 4, 509 leaves):
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Problem 20: Result more than twice size of optimal antiderivative.

J(dx-i—c)z (a+btanh(fx +e))> dx

Optimal (type 4, 393 leaves, 22 steps):
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Problem 23: Result more than twice size of optimal antiderivative.
dx+c
a + btanh(fx +e)

Optimal (type 4, 107 leaves, 4 steps):

a—>b -a+b
b dpolylog| 2, )

(dx+c)* (a+b)e2fx+2€) N (a+b)P/xT2e

2(atb)d (> =02 f 2 (a® - 1?) f
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Result (type 4, 356 leaves):

bdln[l— (“+b)ezfx+ze)x
dx* I _bcln(aezfx"'ze+bezfx+ze+a—b) 2bcln(e/* 7€) n -a+b
2(a+b)  a+b (a+b)f(a—0b) (a+b)f(a—b) (a+b)f(-a+b)
2fx+2e 2fx+2e
bdln[l_ (a+-ba)-e+b ) bdx 2bdex bd bdp(’lylog(z’ (a+—ba)j-b )
- - - +
(a+b)f (-a+b) (a+b) (-a+b) (a+b)f(-a+b) (a+b)f(-a+b) 2(a+b)f (-a+b)
L bdeln(a@/MF2e4p/*2¢+a—b)  2bdeln(e/*)
(a+b)f (a—b) (a+b)f (a—b)

Test results for the 68 problems in "6.3.2 Hyperbolic tangent functions.txt"

Problem 2: Result more than twice size of optimal antiderivative.
Jtanh(bx—l—a)“dx
Optimal (type 3, 26 leaves, 3 steps):

_ tanh(bx+a) _ tanh(bx+a)?
b 3b

Result (type 3, 53 leaves):
_tanh(bx+a)3 tanh(bx + a) In(-1 +tanh(bx +a)) I In(1 +tanh(bx +a))

3b b 2b 2b

Problem 3: Result more than twice size of optimal antiderivative.
Jcoth(bx+a) dx
Optimal (type 3, 11 leaves, 1 step):

In(sinh(bx +a))
b

Result (type 3, 29 leaves):
In(coth(bx +a) — 1) In(coth(bx +a) +1)

2b 2b

Problem 4: Result more than twice size of optimal antiderivative.
Jcoth(bx+a)4dx

Optimal (type 3, 26 leaves, 3 steps):

_ coth(bx+a) _ coth(bx+a)?
b 3b




Result (type 3, 53 leaves):

_cmex+aﬁ _cmex+a)__mmmex+a)—1)+_mmmex+a)+1)

3b b 2b 2b

Problem 10: Unable to integrate problem.
J(btanh(dx+c))”dx

|

J(btanh(dx—i—c) )" dx

Optimal (type 5, 46 leaves, 2 steps):

1 n
h 1, — + —
yperge0n1([ 5 >

N | W

n
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2

,tanh(dx+c)2) (btanh(dx +c¢))! +"

bd(1+n)
Result (type 8, 12 leaves):

Problem 15: Result more than twice size of optimal antiderivative.

1
Ja+amMNdx+d
Optimal (type 3, 24 leaves, 2 steps):
X 1
2a 2d(a+atanh(dx +c))

Result (type 3, 53 leaves):
In(tanh(dx +c) —1) 1 In(tanh(dx +c¢) +1)
4ad 2ad (tanh(dx +c) +1) 4ad

Problem 19: Result more than twice size of optimal antiderivative.

J(a +btanh(dx +¢))3 dx

Optimal (type 3, 67 leaves, 3 steps):

b(3a*> +b*)In(cosh(dx+c))  2ab’tanh(dx+c) b (a+btanh(dx+c))?

2 2
a(a®>+3b%)x+ p p 2 d

Result (type 3, 172 leaves):

_btanh(dx+c¢)?>  3ab*tanh(dx+c¢)  In(tanh(dx+c) —1)a®  3In(tanh(dx+c) —1)a®h _ 3In(tanh(dx+c) —1) ab?
2d d 2d 2d 2d

_ In(tanh(dx+¢) =1)b* _ In(tanh(dx+e¢) +1)a _ 3in(tanh(dx+c) +1)a’b | 3n(tanh(dx+c) +1)ab® _ In(tanh(dx+c) +1) b’
2d 2d 2d 2d 2d



Problem 23: Result more than twice size of optimal antiderivative.

J sinh(x)3 "

1 + tanh(x)
Optimal (type 3, 19 leaves, 9 steps):

_ cosh(x)3 i cosh(x)5 _ sinh(x)5

3 5 5
Result (type 3, 71 leaves):
1

6 [tanh(%) —11)3 l 4(tanh(%} —1)2 " (tanh(%) —1) ’ 5 (tanh( ) +1)5 (tanh[%l) +1)4 ’ 3 (tanh(
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)+1)

Result more than twice size of optimal antiderivative.

J sinh(x)4 &

a + btanh(x)
Optimal (type 3, 139 leaves, 5 steps):

~a(3a+b)In(l —tanh(x)) i a(3a—>b)In(1 +tanh(x)) a4bln(a +bhtanh(x)) cosh(x)4(b—atanh(x))
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i . 3a21n(tanh(%)—l) aln(tanh(%) —lJb
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3a21n(tanh(%) +1J aln(tanh(%] +1)b
+ 3

8 (a— B 8 (a—b)>

~—

Problem 26: Result more than twice size of optimal antiderivative.
cosh(x)4 dr
1 + tanh(x)
Optimal (type 3, 48 leaves, 4 steps):
5 1 1 1 3 3
S5x

16 32 (1 —tanh(x))?> 8 (1 —tanh(x)) - 24 (1 +tanh(x))® 32 (1 4+tanh(x))? 16 (1 +tanh(x))
Result (type 3, 115 leaves):

51n(tanh(%)—1) !
+ + + - -

—_
—_—
—

W

(o 1)) ()] ()] SO

SIn(tan

==

N 1 B 15 N 25 B 15 N

N | =

T A A e Ey e A T T B A

Problem 27: Result more than twice size of optimal antiderivative.
cosh(x)3
———— dx
1 + tanh(x)
Optimal (type 3, 23 leaves, 3 steps):

4sinh(x) 4sinh(x)®>  cosh(x)?
5 15 5 (1 4+ tanh(x) )
Result (type 3, 79 leaves):
i 1 B 1 B 5 B 2 4 1 B 5
6 () =1)  4ftamn(E)=1) S(tanh(ﬁ)—l) s(an(2)+1) (o 2)+1) 3 () +1)
(w3 ) =) a5 ) 1) z () 1) ({3 )w1) 3 (won( 3] 1)

B 1

2(tanh( J+1)2 S(tanh( )+1)

Problem 28: Result more than twice size of optimal antiderivative.

sech(x)6
1 + tanh(x)

_|_

= |
SR



Optimal (type 3, 21 leaves, 3 steps):

2 (1 —tanh(x))3 L (1 —tanh(x) )4

3 4

Result (type 3, 55 leaves):

5 3
eV 6 Stanh(%) Stanh(%J 2 .
2 —tanh(zj +tanh(zj — 3 — 3 +tanh(5) —tanh(E)

E)

Problem 29: Result more than twice size of optimal antiderivative.

sech(x)7
J‘1-+tanh(x) dr

N | =

Optimal (type 3, 26 leaves, 4 steps):

3 arctan(sinh(x) ) n sech(x)5 I 3 sech(x) tanh(x)
8 5 8

sech(x)? tanh (x)

+

I

Result (type 3, 66 leaves):

9 7 3
5 tanh X ] tanh X 4 tanh X 5 tanh e
2| - —\2) +tanh| = | — —\2) +2tanh| = | + 2 + 2 + 1 3arctan| tanh| =
8 2 4 2 4 8 5 " 2

({3 1) “

Problem 30: Result more than twice size of optimal antiderivative.

sech(x)8 &
a + btanh(x)

Optimal (type 3, 130 leaves, 3 steps):

(> = 1)’ In(a + btanh(x) ) Lalat=3ap +3p") tanh(x) _ (a* =342 +36%) tanh(x)? | a(a® =38%) tanh(x)® _ (a® —35%) tanh(x)*
b’ o 20 3p* 4 b3
L atanh(x)® _ tanh(x)®

552 6b

Result (type 3, 924 leaves):
X 9 X 9 X 9 X 7 X 7

10tanh(—) @ 82tanh(—) @ 22tanh(—) a 20tanh(—} @ 52tanh(—} @

2 2 2 2 2

b6(tanh(%j2+lj6 3b4[tanh[§)2+1j bz[tanh(§)+lj6 b6[tanh(%)2+lj b4[tanh[%)2+lj6



7 6 6 5
212tanh(%) a 12tanh(§) a 28tanh(§) a* 20tanh(§) 52tanh(%) &
+ ¥ \2 6 ¥ \2 ¢t ¥ \2 ¢t 2 6 ¥ \2 6
5b2(tanh(5) +1) bS(tanh(E) +1) b3(tanh(5) +1) bG(tanh(z) +1) b4(tanh 5) +1)
5 3 3 3 11
212tanh(%) a 10tanh(%) @ 82tanh(%) @ 22tanh[%] a 2tanh[%] @
+ - + +
2 6 2 6 2 6 2 6 5 6
5b2(tanh(%) +1) bﬁ(tanh(%) +1) 3b4(tanh(%) +1] bz(tanh(g) +1] bé(tanh(g) +1]
11 11 10 10 8
6tanh(%) a’ 6tanh(%) a 2tanh(%) a* 6tanh(%) a* Stanh(%J at
- +
2 6 2 6 2 6 2 6 2 6
b4(tanh(%) +1) bz(tanh(%) +1) bS(tanh(%) +1) b3(tanh(%) +1) bS(tanh(%) +1)
8 4 4 2 2
20tanh(%) a? 8tanh(% a* 20tanh(%) a? Ztanh(%) a* 6tanh(% a?
+ - + - +

2 2
2tanh(%)a5 6tanh(%)a3 6tanh(%)a 3ln(tanh(%j +lja4 3ln(tanh(% +1)a2
+ - + - +
bé(tanh(i)2+1)6 b4(tanh(i)2+1)6 bz(tanh i)2+1)6 4 4
2 2 2
6 10 8 4
68tanh(§ 6tanh(§) 12tanh(% 12tanh(%) 6tanh(%j
- x )2 6 x )2 6 x )2 6 x )2 6 X
3b(tanh(—j +1] b[tanh —) +1) b(tanh(—) +1) b(tanh(—j +1] [tanh(—) )
2 2 2 2
2
X
;)

X 6 X 2 X 4
a+2tanh| = |b+a|a 3In| tanh| — | a +2tanh| — |b+a |a
2 i 2 2

b7 B b7 b

x )2 X 5 x )2 x )2 X
3ln(tanh(5j a+2tanh(5)b+aJa ln[tanh(a) +1) 1n(tanh(5j a+2tanh(5)b+aJ
b

— = - -

+

Problem 36: Result more than twice size of optimal antiderivative.
coth(x)?
———— dx
1 + tanh(x)
Optimal (type 3, 23 leaves, 4 steps):
3x 3 coth(x)

3x _ . coth(x)
2 2 In{sinh(x)) + T anh (x))




Result (type 3, 58 leaves):

51n(tanh(%) +1)

_tanh(%) ) ln[tanh(%)—l) ) | —1n(tanh(§))— | .

1
_l’_
2 2 X 2 X 2
2 tanh| = x tanh| = | +1
a2 (tnn( £ ) +1) ann( %)
Problem 37: Result more than twice size of optimal antiderivative.
coth (x)* o
1 + tanh(x)
Optimal (type 3, 35 leaves, 6 steps):
5x  S5coth(x) ,  5coth(x)3 . coth(x)3
—_ - th - =21 h +
2 ,  Tcoth(x) 6 a(sinh(x)) + 5 tanh(x))
Result (type 3, 90 leaves):
3 2
tanh[ = tanh| = 9tanh| = In[ tanh[ = | —1
2 2 2 2 1 1 9 X
- + — - - + - —2In| tanh| —
24 i ’ ? 2t 2) st X))’ Stanh(i) 2
an (2) an (2) 5
9In( tanh| = | +1
1 1 2
— + +
X 2 tanh(i)-l-l 2
(tanh(;)+l) )

Problem 42: Result is not expressed in closed-form.

sztanh(a +21In(x)) dx

Optimal (type 3, 111 leaves, 11 steps):

ﬁ _ arctan(e%x\/?—l)\/? _ arctan(l+e§x\/7)\/7 _ ln(l+e“x2—e%x\/7)\/? " 1n(1+e“x2+e§x\/7)\/7
3a

3 3a 3a 3a 3a
2¢ 2 2¢ 2 4e? 4e?

Result (type 7, 36 leaves):

e2a [ D %]
R=RootOf (2@ 74 +1) —
2

x
3

Problem 43: Result more than twice size of optimal antiderivative.

thanh(a +2In(x)) dx



Optimal (type 3, 19 leaves, 4 steps):

2 _ arctan (e’ )

2 e
Result (type 3, 40 leaves):

x* Te ?In(e?x® —1) Te “In(e*x® +1)
27 2 B 2

Problem 44: Result is not expressed in closed-form.

Jtanh(a +2In(x))
S
Optimal (type 3, 16 leaves, 4 steps):
i + ¢“arctan (e %)
2x°
Result (type 7, 43 leaves):
( > RIn((49+5 R2)2— R)
1 n R=RootOf (2 4+ 72)
2x° 2

Problem 46: Result is not expressed in closed-form.

Jtanh(a +21In(x))? dx

Optimal (type 3, 121 leaves, 13 steps):

a a a a
i X _arctan(ezx 2—IJ\/T_arctan(l+ezx\/?)\/7+ln(l+eax2—ezx\/7J\/7_ln(l+eax2+ezxﬁjx/7
R a a a a
4¢? 4e? 8e? 8e?
Result (type 7, 46 leaves):
eza[ In(x — R) J
3
-t x _ R=Root0f(24 7 +1) R
1+ ax 4

Problem 47: Unable to integrate problem.

Optimal (type 5, 48 leaves, 2 steps):



2a
(—1 +e2"x)1+phypergeom( [p,1+pl, [2+p], % — ezx)

2P e2a (1+p)
Result (type 8, 11 leaves):

Jtanh(a—l— ln(x) )pdx

Problem 48: Unable to integrate problem.

Optimal (type 5, 139 leaves, 5 steps):
_]7(_1_+eZax1/§)1+P(1_+eZax1/3)1_P +_(_1_+ezax1/§)1+p(1_+ezax1/3)1—px1/3

66 a e4(1

2a l /3
(2pz+1)(—1+e“x1/3)”’”hypergeom[[p,l+p],[2+p],§——e 5 j
+

2pe6“(1 +p)
Result (type 8, 11 leaves):

Problem 50: Unable to integrate problem.
J-(xe)mtanh(d (a +bln(cx")) )2 dx

Optimal (type 5, 164 leaves, 5 steps):

2 (xe)1+mhypergeom( [1 Ltm ], [1 + Lim

(dbn+m+1) (xe)' ™ (xe)! +m (1 —ad (cxt)???) " 2bdn 2bdn

|

_e2ad

(cXQZbdj

bde(l+m)n bden(l%—éad(CMWZbd) bden
Result (type 8, 326 leaves):

m (ln(e) Fln() - Imcsgn(Iex) (-csgn(lex) +csgn(le)) (-csgn(lex) +csgn(lx)) )
xXe 2
1+m
m (ln(e} Fln() — Incsgn(Iex) (-csgn(lex) +cs§n(le)) (-csgn(lex) +csgn(Ix)) )
2xe
+ +

d(a-i—b (ln(c) +in(en In) — Incsgn(Iee? In)) (-csgn(Ice? (X)) +csgn(lc)) (-csgn(lce? In)) 4csgn(1e Inx))) ]j 2
dbn\ \e 2 +1



m (ln(e) +lnx) — Imcsgn(Iex) (-csgn(lex) +csgn(le)) (-csgn(lex) +csgn(lx))

) 2e 2 )(1+m)

d (a-i—b (ln(c) Fin(en In0) — Incsgn(lce"ln(x)) (—csgn(Ice"ln(x)) +csgn(Ic)) (—csgn(Ice”ln(x)) +csgn(le”1n(x))) j) 2
dbn e +1

2

Problem 53: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\/a +btanh(x)2 +ctanh()c)4 tanh(x) dx
Optimal (type 3, 108 leaves, 8 steps):

b +2ctanh(x)? 2a+b+ (b+2c) tanh(x)?

(b +2c) arctanh arctanh[ Jva+b+c
i 2J¢ Ja + btanh(x)? + ctanh(x)* N 2Ja+b+c Ja+btanh(x)? + ctanh(x)*
4c 2
_ Ja +btanh(x)? + ctanh(x)*
2
Result (type 4, 558 leaves):
_Ja +btanh(x)? +ctanh(x)* 1 b
2

_ /[ _ 2
8/ bty -dacthb \/a +btanh()c)2+ctanh(x)4
a

tanh(x)\/?/ -b + -4ac+b2
- _ 2 2 _ 2 2
+c)ﬁ/4— 2 (-6 +/"2ac+ o) tanh(x) /4+ 2 (b+/4ac+o ) tanh(x) — a

a a 2 ’
2
/_4+ 2b (b+ -dac+b’ ) in[ 22 ctanh(x)” +2Ja +btanh(x)% + ctanh(x)* ]b
ac _ C
2 4c
2 btanh(x)% +2ctanh(x)2 +2a +b

m[ﬁiﬁﬁ@ﬂﬂﬁL-+2Ja+bmmuw2+cmmum4]J? aMﬁMh{ (x) (x) ]

3 c N 2Ja+b+cJa+btanh(x)? + ctanh(x)*
2 2Ja+b+c
2 2 2 2

barctanh[ btanh(x)% +2ctanh(x)? +2a +b J carctanh[ btanh(x)? +2ctanh(x)? +2a +b J

4 2ya+b—+c \/a +btanh()c)2+ctanh(x)4 n 2ya+b+c \/a +btanh()c)2+ctanh(x)4

2Ja+b+c 2Ja+b+c



1

_ (-b
_ /_ 2
8/ bty-dacthb \/a +btanh(x)2+ctanh(x)4
a
b+ -dac+b*
tanh(x)ﬁ/
_ _ 2 2 _ 2 2
J—/ JAac+b ) tanh(x) /4+ 2(b+V=4ac+b) tanh(x) — B
a a

J/_4+_2b(b4— —4ac+b2)

ac

2

Problem 57: Result more than twice size of optimal antiderivative.
Jexcoth(3x)dx
Optimal (type 3, 66 leaves, 12 steps):
(1—2&)5] ((1+2&)ﬁ]
t -_— 3 t -_— 3
2arctanh (&) In(1 — & + &%) In(1 +& + &%) arca“( 3 V3 arctan 3 V3
e — + — +
3 6 6 3 3
Result (type 3, 137 leaves):

1n(ex+i—1—v3) Iln[ex+l—u]\/_3 1n(ex+l+¥] Iln[ex+l+u)w/_3
o 2 2 2 2 2 2
6

6 3 3

Problem 59: Result is not expressed in closed-form.
Jexcoth(4x)2 dx

Optimal (type 3, 92 leaves, 17 steps):

o e _ arctan(¢*) _ arctanh(e") _ arctan(ex\/T— 1) J2 _ arctan(l +ex\/7)\/7 + 1n(1 +e2x—ex\/7)\/7

2 (1—é8%) 8 8 16 16 32

B ln(1+e2x+ex\/7)\/7

32
Result (type 7, 67 leaves):

>



e’ —

E +( D _Rln(ex_m_R)) ~ 1n(ex6+1) N ln(e);6_1) N Hn(ixé_l) _ Iln(i’;ﬂ)
2 (P —1) _R=RootOf (65536 _74 +1) :

Problem 60: Unable to integrate problem.
Jec(bx+“)tanh(xe +d)3 dx

Optimal (type 5, 157 leaves, 6 steps):

be be bc bc
6 e (bx+a) hypmgemn([l — [],+.__] _62xe+2d) 12 €€ bx**’hypmgemn([Z ][]7+ ere+2d)
c(bx+a) s 5 s
e — B ;f 2e n ;?2 2o
g e (bxta) hypergeom( [3, ZZ)—Z }, [1 + 2_2’ ], _ere+2d)
- bce

Result (type 8, 19 leaves):
Jec(bx+“)tanh(xe +d)3 dx

Problem 61: Unable to integrate problem.
Jec (bx+a) tanh (xe +d) dx

Optimal (type 5, 63 leaves, 4 steps):

bx+ bc bC W) +24d
e (bx+a) B 2607 a)hypergeom( [1’ Z]’ b 2e e )
be be

Result (type 8, 17 leaves):
Jec (bx+@) tanh(xe +d) dx

Problem 62: Unable to integrate problem.
Jec (bx+a) coth(xe +d) dx

Optimal (type 5, 61 leaves, 4 steps):

cbx+ be bel axe+2d
o bxta) B 2e810F “hypergeom([l e ,[1+2—e],exe )
be be

Result (type 8, 17 leaves):
Jec (bx+a) oth(xe +d) dx



Problem 63: Unable to integrate problem.
Je" (bx+a) coth(xe +d)3 dx

Optimal (type 5, 151 leaves, 6 steps):

cbx+a) 6ec(bx+“)hyperge0m( [1, % , [1 + % },ezxe+2d) 12 ec(bx+“)hyperge0m( [2, % ], 1+ % ,ezxe+2d)
€ ) _ ; e e + : e e
c c c
8ecwx+”nnpmgemn([3,géi,[l-+-§£],§xe+2d)
B be

Result (type 8, 19 leaves):
Je”b”“) coth(xe +d)3 dx

Test results for the 71 problems in "6.3.7 (d hyper)”m (at+b (c tanh)"n) " p.txt"

Problem 4: Result more than twice size of optimal antiderivative.
. 2
Js1nh(dx+c)3 (a +btanh(dx +¢)?)” dx

Optimal (type 3, 73 leaves, 3 steps):
_a+b) (a+3b)cosh(dxtc) | (a+b)’cosh(dxte)® _ b(2a+3b)sech(dx+ec) . bsech(dx+c)’

d 3d d 3d
Result (type 3, 161 leaves):
: 2
1 (az(_g  sinh(dx +c)

1 4 1 2 . 6
jcosh(dHC) +2ba( sinh(dx +¢)*  4sinh(dx+c)® _ 8cosh(dx +c) )+b2[ sinh(dx + ¢)

d 3 3 3cosh(dx +c) 3cosh(dx +c) 3 3cosh(dx +¢)?
_ 2sinh(dx+¢)*  8sinh(dx+c)? | 16sinh(dx+c¢)?  16cosh(dx +c¢) J)
cosh(dx+¢)®>  3cosh(dx+c¢)3  3cosh(dx+c) 3

Problem 8: Result more than twice size of optimal antiderivative.
. 3
Js1nh(dx+c)3 (a +btanh(dx +¢)2)> dr

Optimal (type 3, 99 leaves, 3 steps):
(a+b)>(a+4b)cosh(dx+c) |, (a+b)3cosh(dx+c¢)>  3b(a+b) (a+2b)sech(dx+c) | b*(3a+4b)sech(dx+c)?
- + - +
d 3d d 3d
_ blsech(dx+c)®

5d
Result (type 3, 286 leaves):

. 2
1 (a3 (_g . sinh(dx +c)

d 3 3

1 4 : 2 . 6
jcosh(dx+c) +3a2b( sinh(dx +¢) 4sinh(dx +c¢)”  8cosh(dx+c) ]+3ab2[ sinh(dx + ¢)

3cosh(dx +c) 3cosh(dx +c) 3 3cosh(dx +¢)?



_ 2sinh(dx+¢)*  8sinh(dx+c¢)? | 16sinh(dx+c¢)?  16cosh(dx +c) ]+b3[ sinh(dx +¢)®  8sinh(dx+¢)®  16sinh(dx +c)*

cosh(dx+c¢)®>  3cosh(dx+c¢)®  3cosh(dx+c) 3 3cosh(dx +¢)®>  3cosh(dx+c)? cosh(dx +¢)>
_ 64sinh(dx +c¢)? N 128 sinh(dx +¢)? | 128sinh(dx +¢)? 128 cosh(dx +c¢) ))
5cosh(dx +¢)’ 15 cosh(dx +¢)? 15 cosh(dx +c¢) 15

Problem 12: Result more than twice size of optimal antiderivative.

. 2
J sinh(dx + ¢) - de
(a +btanh(dx +c¢)?)

Optimal (type 3, 118 leaves, 6 steps):

(3a—1>) arctan[ (b tanh(dx + ¢) ]\/7

(a=3b)x _ Ja cosh(dx + ¢) sinh(dx + ¢) B btanh(dx +¢)
2(a+b)? (a+b)3dya 2(a+b)d(a+btanh(dx+c)?)  (a+b)?d(a+btanh(dx +¢)?)
Result (type 3, 1127 leaves):
1n(tanh(ﬂ+£)—l) 31n(tanh(d— £)—l)b
1 N 1 N 2 2 3 22
2
2 (a+5)? (tann( L5 4 £)<1)" 2d(a+0)? (rann S+ S ) -1 ) 2d (@ +5)’ d(a+b)’

dx c 3
btanh| — 4+ —
an(z-l-z)a

4 2
3 dx L & dx L & dx
d(a+b) (atanh( : +2) +2tanh( ; 2) +4btanh( +2) +a)
3
2 dx c
tanh| &5 + £
~ b* tan ( 2 + 2)
4 2 2
3 dx ¢ dx | ¢ dx ¢
d(a+b) (atanh( 5 +2) +2tanh( > zj a+4btanh( 5 +2) —I—a)
batanh(ﬂ+£)
_ 2 2
dx C 4 dx c 2 dx c 2
3 dx ¢ dx ¢ dx | ¢
d(a+b) (atanh( 5 +2J +2tanh( 5 +2j a+4btanh( 5 +2) +a)
tanh( dx | ¢ )
2 2 2
2 tanh dx I 2) 3 ba“ arctan
~ 2 "2 N J(2JBaFb) +a+2b)a
3 dx c\* dx c\? dx c )2 3
d(a+b)” |atanh| S5+ 2| +2tanh| S5+ 2| a+4banh( S5+ 2| +a 2d (a+b)3yb(atb) (2B (aTb) +a+2b)a



dx dx
tanh(2 +2) tanh(2 +2]

JOVE@Th) +a+2b)a N J VB @axh) +a+2b)a
da+b)3y b @aTh) +a+2b)a  da+b)Vhath) v (2B (@axh) +a+2b)a

tanh( dzx + = > ) tanh( d2x + = 2 )
3 b a* arctanh 3 b aarctanh
N JOJT @b —a—2b)a - JOJb@aTh) —a—2b)a

2d (a+b)3 Vb (axb) J 2y (ath) —a—2b)a 2d(a+b)3y (2B (aTh) —a—2b)a
tanh( dx 4 2) tanh( dx | 2)

3 b a arctan b? a arctan

b? g arctanh 2 b? arctan 2
N J OB aTh) —a—2b)a ~ J (2B @aTh) +a+2b)a
d(a+b)>3Vbarb) J (2ybaxb) —a—2b)a  2da+b)3J (2VBath) +a+2b)a
dx dx
tanh( + — j tanh( + — )
b3 arctan 2 2 b2 arctanh 2 2
J 2B aTh) +a+2b)a . JOJyFaTh) —a—2b)a

2d (a+0)3 Vb (axb) J 2V (axh) +a+2b)a  2d(a+b)3y (2B (aTh) —a—2b)a

dx
h
tan(2 +2)

J OB aTh) —a—2b)a ~ 1 1

2 T dx c
2d(a+b)3VB @b (2VB(@a¥b) —a—2b)a Zd(a—l-b)z(tanh(%—l— ]+1j 2d(a+b)2(tanh(7+5j+lj

b3 arctanh

<
2

ln(tanh( dx + = )+lja 31n(tanh(ﬂ+£j+l)b
3 2 2 N 2 2
2d (a+b)3 2d(a+b)3

Problem 13: Result more than twice size of optimal antiderivative.

3
J csch(dx + ) a
(a +btanh(dx +¢)?)

Optimal (type 3, 127 leaves, 6 steps):

(3a+4b) arctanh[ sech(dx +¢) b J\/?

(a+4b) arctanh(cosh(dx+c))  coth(dx+c) csch(dx +c¢) _ bsech(dx +c) _ Ja-+b
24°d 2ad(a+b—bsech(dx+¢)?)  a*d(a+b—bsech(dx+c)?) 2B3dJaxh

Result (type 3, 366 leaves):



2 2
tanh(ﬂ+£) btanh( dx +£)
2 2
2 2
da® [atanh(% + ) a+4btanh(% +%J +a]

2
2b2tanh(% +%)

c

By
+
| o

4 2 2
da3(atanh(%+ ) +2tanh( 5 zj a+4btanh(%+%) +a)

[\

2
2tanh(%+%) a+2a+4b
3 b arctanh
_ b B 4yba+b

4 2 2

da* | atanh ﬂ+£ + 2 tanh ﬂ—l-g a + 4 b tanh ﬂ—}—i) +a 2da*ba+b?
2 2 2 2 2 2
2
2tanh(%+§) a+2a+4b
2 b% arctanh dx c dx c
In| tanh| — + — 2In| tanh| — + = | | b
4 b+’ ! atanh( %+ 5 )] 2m{ann( S+ 2 )]

)2 2dd? da’

Problem 14: Result more than twice size of optimal antiderivative.
J sinh(dx +¢)*
3
(a +btanh(dx +c)?)

dx

Optimal (type 3, 220 leaves, 8 steps):

3 (5a2— 10ba+b2)arctan[ ﬁtanh(dx—i—c) ]\/7

3(a*>—10ba +5b%)x + Ja _ (5a—3b) cosh(dx +¢) sinh(dx +c)

8 (a+h) 8 (a+b)SdJa 8 (a +b)2d (a +btanh(dx +¢)?)*
cosh(dx+c)3sinh(dx+c) I (7a—5b) btanh(dx +c) 4 3(a—>b)btanh(dx +c)

4(a+b)d(a+btanh(dx+¢)2)®  8(a+b)3d(a+btanh(dx+c)2)> 2(a+b)*d(a+btanh(dx+c)?)

Result (type ?, 2365 leaves): Display of huge result suppressed!

+

Problem 15: Result more than twice size of optimal antiderivative.
J esch(dx + ¢)
3
(a +btanh(dx +c¢)?)

dx

Optimal (type 3, 142 leaves, 6 steps):
_ arctanh(cosh(dx +¢)) " bsech(dx + c) 4 b(7a+4b) sech(dx +c)

a’d 4a(a+b)d(a+b—bsech(dx+c)?)’ 8’ (a+b)?d(a+b—bsech(dx+c)?)




sech(dx +c¢) b Jb
va-+b ]

(15a2 +20ba +8b2) arctanh[

+
83 (a+b)3%d

Result (type 3, 1131 leaves):

dx 6
9 b tanh
an(2+2)

2

4 2
2) +2tanh( dx + = ) a+4btanh(%+%) +a) (a2+2ba+b2)

dx
4 h{ —
a’(atatn(z—l-2 > >

6
7b2tanh( dzx + = 2 )

_|_
4 2 2
da(atanh(%-ﬁ-%) +2tanh(dzx +2) a+4btanh(%+%) +a) (a®+2ba+b?)
6
4b3tanh(ﬂ+£)
2 2
+ 2
) dx ¢\ dx dx ¢ \? ) 2
da” | atanh 7+E + 2 tanh - +2 a+4btanh 7+5 +a| (&®>+2ba+b%)
4
27btanh(dzx E)
+ 4 2 2
4d(atanh[%+%) +2tanh( dzx +2) a+4btanh(%+%) +a) (a2+2ba+b2)
4
45b2tanh(dzx E)
+ 4 2 2 2
2da[atanh(%+%) +2tanh(dzx 5) a+4btanh(%+%} +a] (®+2ba+b?)
4
305% tanh [ 45 + £
2 2
+ 4 2 2 2
daz(atanh(%—l—g) +2tanh(dzx Ej a+4btanh(%+%) +a) (®+2ba+b?)
4
1254 anh [ 45 4 €
2 2
+ 4 2 2 2
da’ (atanh(%—l—%) +2tanh[ d2x +2] a+4btanh(%+%) —i—a) (a2+2ba+b2)
2
27btanh(dzx 5)
_|_
dx

2 2
¢ 2 2
+ +2ba+
2 2) a) (a ba +b?)

2
dx
2 + 2) a+4btanh( 2 +

4
4d (atanh( % + 5) +2tanh(



2
17 b? tanh( d2x £ )

+ 4 2 ? 2 2
da(atanh(%—i—%) +2tanh(dzx 5) a+4btanh(%+%) +a) (a® +2ba+b?)
2
8b3tanh(dzx 5)
_|_

2 2
9b

4 2 2 2
da® (atanh(%—l—%) +2tanh[ dx + = ] 0t—|-4btanh(d2 + ) —i—a) (a2+2ba+b2)

+ 2

2 2
¢ ) a+4btanh(%+%) +a) (®+2ba+b?)

dx 4 dx c
4d(atanh[7+z) +2tanh(7+5
2

i 3b

2 2 2
2da[atanh(d7 ) +2tanh(d7+ )a+4btanh[%+%] +aJ (a2+2ba+b2)

+ £
2

2
2
2tanh(dx —) a+2a+4b 2tanh(%+%) a+2a+4b
15 b arctanh 5 b2 arctanh
n 4yba+b N 4yba+b
8da(a2+2ba+b2)\/ba+b2 2dd* (d® +2ba+b*)Jba+b?
2 tanh dx —|— a+2a+4b
3 2 T2
b’ arctanh i tanh ﬂ i c
N 4ba+ b N 2 2
3
da3 (2 +2ba+b*)Jba+0b da

Problem 16: Result more than twice size of optimal antiderivative.

3
J csch(dx +¢) - dr
(a + btanh(dx +¢)?)
Optimal (type 3, 178 leaves, 7 steps):
(a +6b) arctanh(cosh(dx +¢)) _ coth(dx +c) csch(dx +¢) _ 3bsech(dx +c) _ b(1la+12b) sech(dx +c¢)
2a%d 2ad (a+b—bsech(dx+¢)2)>  4a>d(a+b—bsech(dx+c)?)° 8 (a+b)d(a+b—bsech(dx+c)?)
(15a2+40ba +24b2)arctanh[ sech(dx +¢) b J\/?
Ja-+b

8a* (a+b)32d
Result (type 3, 1082 leaves):



2 6
tanh(%+%) - 9 b tanh %+§)
8da’ 4 2 2 2
4da(atanh(%—l—%) +2tanh(%+%j a+4btanh(%+%) +a) (a+b)

dx c\°
8b%tanh| == + =
an(z—i-z)

2 2 2
2] a+4btanh(%+%) —I—a) (a+b)

4
2 dx c dx c
h| — 4+ = | +2tanh| — + —

da (atan ( 5 2) tan [ >

6
6b3tanh( dzx 5)

4 2 2 2
da3(atanh(%+ ) +2tanh(%+ ] a+4btanh(%+%) +a) (a+b)

(SR
(S

dx 4
27 b tanh —
7ban(2 2)

dx c\* dx ¢ \? dx c\? 2
4da[atanh( > +2) +2tanh( > +2) a+4btanh( > +2) +a| (a+b)

4
51b2tanh( ﬂ + E)
2 2

4 2 2
) dx | ¢ dx | ¢ dx | ¢
2da (atanh(—2 + 2 j +2tanh( > + 7 ) a+4btanh(—2 + > J +a) (a+b)
38b3tanh(d— —)
2
4 2 2
3 dx , ¢ + & dx | ¢
da (atanh( 2 + 2) +2tanh( 2] +4btanh( 2 2) +a) (a +b)
20b4tanh( dx +5)

2

2
4 2 2
) +2tanh(%+%j a+4btanh(%+ ) +a) (a+b)

dx 2
27 b tanh =
an ( ; 2)

da* (atanh( % +

(SRR
(SRR

2

2 2
%) a+4btanh[%+£] —I—aJ (a+b)

oo
()

4
dda [atanh( % + ) +2tanh( % +

2
20b2tanh(d— 3)

2

2
%) +a) (a+b)

2
da® (atanh( dx + £ )4 +2tanh( dx + gjza +4btanh( dx +
2 2 2 2 2



2
14b3tanh(ﬂ +§)

2
4 2 2 2
da3(atanh(%—l—§) +2tanh(%+%j a+4btanh(%+%) +a) (a+b)
9b
4 2 2 2
4da[amm(%;-+%) +2mm(%f-+%) a+4bmm(%f-+§j +aj(a+b)
2
Ztanh(dzx 5) a+2a+4b
15 b arctanh
557 4yba+b?
4 2 2 2 2 / 2
2da? (atanh(%+%j +2tanh(%+%) a + 4 b tanh dz +% +a) (a+0b) 8da” (a+b)vba+b
2 2
2tanh[ “;_x E) a+2a+4b 2tanh %) a+2a+4b
5 b2 arctanh b3 arctanh
B ba +b* ba + b B 1
2
da3 (a+b)Jba+b (a+b)Jba+b? gda3tanh(%+§)
- ln(tanh(% +%J) ~ 3ln(tanh(% +%))b
2da’ da*

Problem 23: Result more than twice size of optimal antiderivative.

J.csch(dx+c)2 (a +btanh(dx +¢)3)’ dv

Optimal (type 3, 65 leaves, 3 steps):

_dPcoth(dx+c) | 3d*btanh(dx +c)® | 3ab*tanh(dx+c)° | b’tanh(dx+c)B

d 2d 5d 8d
Result (type 3, 222 leaves):
. 3 .
—coth(dx +¢) a 3a bs1nh(dx+c) 3apt| - sinh(dx+c)”  3sinh(dx+c)
ZCosh(dx+c) 200sh(dx+c)5 8005h(dx+c)5
8  sech(dx+c)* 4sech(dx+c)2)
3| — + + tanh (dx +

N (15 5 15 anh(dx +c) e [ sinh(dx +¢)®  3sinh(dx+c)*  3sinh(dx +c)?
8 2cosh(dx+¢)®  4cosh(dx+c¢)®  8cosh(dx+c)®

sinh(dx + ¢)? N sinh(dx + ¢)? L sinh(dx + ¢)? ]
8cosh(dx+¢)®  8cosh(dx+c)*  8cosh(dx+c)?



Problem 24: Result is not expressed in closed-form.

J csch(dx +¢)?

dx
a +btanh(dx +c¢)>

Optimal (type 3, 174 leaves, 12 steps):
coth(dx+c) _ coth(dx+c)®  bin(tanh(dx+c)) b Bn(a' 2 +5' Btanh(dx +c))

ad 3ad a2d 344 R d
L0 Bin(a® % —a' b Branh(dx +c¢) + b /3 tanh (dx + ¢)?) . bIna +btanh(dx +¢)*)
6a4/3d 3a*d
13 _2p! Banh(dx + 3
b! /3arctan[ (a 34 /3( x+e))V3 V3
- 3a4/3d
Result (type 7, 186 leaves):
dx c)? dx c dx c
I W[ 44 < In[ tanh| <X + <
_tan(2+2) 3tan(2+zj_ 1 .\ 3 _bn(tan(2+2))
24da 8da 3 dx c 2
24 d a tanh ﬂ+£ Sdatanh(——i-—) da
2 2 2 2
5 (7R5a+47R2b+37Ra)ln(tanh(% +%) —Je]
b
5 3 2
n R=RootOfla Z4+3a Z*+8b B+34d 2+a) _Ra+2 Rat4 R°b+ Ra
3da®

Problem 26: Result more than twice size of optimal antiderivative.
2
Jcosh(dx+c)2 (a +btanh(dx +¢)?)” dx
Optimal (type 3, 47 leaves, 5 steps):

(a=3b) (at+b)x | (a +b)?cosh(dx + ¢) sinh(dx +¢) 4 b tanh(dx + ¢)
2 2d d

Result (type 3, 95 leaves):

1 ( 5 ( cosh(dx+c)sinh(dx+c) dx c cosh(dx + ¢) sinh(dx + ¢) dx c 5 [ sinh(dx—kc)3 3dx 3¢

— =4+ = +20 ——= - = | +b - - =

d(“( 2 T3 +2)+ a( 2 2 2)+ 2 cosh(dx +¢) 2 2
N 3tanh(;ix+c) j)

Problem 27: Result more than twice size of optimal antiderivative.
2
Jcosh(dx +¢) (a +btanh(dx +c)?)" dx

Optimal (type 3, 56 leaves, 5 steps):



b (4a +3b) arctan(sinh(dx +c)) n (a +b)2sinh(dx+c)

4 b?sech(dx + ¢) tanh(dx + ¢)
2d d

2d

Result (type 3, 121 leaves):
sinh(dx +¢) a® " 2sinh(dx+c)ab 4 baarctan(e?*T€) b?sinh(dx +¢)>
d d d
3 b2 arctan(e?**¢)

d

N 3b°sinh(dx +c)  3b*sech(dx +c) tanh(dx +¢)
dcosh(dx+c¢)>  dcosh(dx +c)? 2d

Problem 28: Result more than twice size of optimal antiderivative.

Jcosh(dx+c) (a +btanh(dx +¢)?)’ dv
Optimal (type 3, 93 leaves, 6 steps):
3b(4(a+b)*>+ (2a+b)?) arctan(sinh(dx +¢)) N (a +b)3sinh(dx +c) + 3b% (4a +3b) sech(dx + ¢) tanh(dx + ¢)
8d d 8d
_ b¥sech(dx +c¢)? tanh(dx +¢)
4d

Result (type 3, 256 leaves):
sinh(dx +¢) @

N 3a’bsinh(dx+c¢)  6a°barctan(e?*1¢) N 3ab?sinh(dx +¢)> + 9ab®sinh(dx+c)  9ab*sech(dx +c) tanh(dx +c)

d d d dcosh(dx +c)? dcosh(dx +c)? 2d
_ 9ab*arctan(ef¥F¢) 4 b3 sinh(dx +¢)° | 553 sinh(dx +¢)? N 5b3sinh(dx+c)  5b°sech(dx +c)3tanh(dx +¢)
d dcosh(dx +¢)* dcosh(dx +c¢)* dcosh(dx +c¢)* 4d
_ 15 b3 sech(dx + ¢) tanh (dx + ¢) _ 15 b3 arctan(e?*+¢)
8d 4d

Problem 29: Result more than twice size of optimal antiderivative.

Jsech(dx +¢) (a+btanh(dx +c)?)’ dr
Optimal (type 3, 141 leaves, 5 steps):

(2a+b) (8a*> +8ba +5b%) arctan(sinh(dx +¢))

_ b (44d® +44ba +15b%) sech(dx +c) tanh(dx +c)
16d

48 d

_ 5b(2a+b)sech(dx+c)3 (a+ (a+b)sinh(dx+c)?) tanh(dx+¢)  bsech(dx+c¢)° (a+ (a+b) sinh(dx + ¢)2)  tanh (dx + ¢)
24d 6d

Result (type 3, 333 leaves):
2d% arctan (e¥7¢)  3a%bsinh(dx +c¢) 4 3a®bsech(dx +c¢) tanh(dx + ¢)

N 3a°barctan(e?’*1¢)  3ab’sinh(dx+c)®  3ab’sinh(dx+c)
d dcosh(dx +¢)? 2d d dcosh(dx+c)* dcosh(dx+c)*
4 3ab2tanh(dx+c) sech(a’x+c)3 n 9ab25ech(dx+c)tanh(dx+c) 4 9ab2arctan(edx+c) _ b3sinh(d)c+c)5 _ 5173sinh(dx+c)3
4d 8d

4d dcosh(dx+¢)®  3dcosh(dx +c¢)°®



_ b3sinh(dx +c) +b3tanh(dx+c)sech(dx+c)5 5b3sech(dx +c¢)>tanh(dx +¢) | 5b3sech(dx + ¢) tanh(dx + ¢)

553 arctan(e? ¥ ¢)

+ + +

dcosh(dx +¢)° 6d 24d 16d 8d

Problem 30: Result more than twice size of optimal antiderivative.
Jsech(dx+c)2(a+btanh(dx+c)2)3dx
Optimal (type 3, 63 leaves, 3 steps):
atanh(dx+c¢) | a®btanh(dx+c)® | 3ab*tanh(dx+c)’ | btanh(dx+c)’
- + +
d d 5d 7d
Result (type 3, 226 leaves):
2 sech(dx+c)? )
) — + —————— |[tanh(dx +¢) . 3 )
l tanh (dx + ¢) B 13dlh sinh(dx +c¢) - 3 3 L3ab? | - sinh(dx + ¢) - - 3smh(a’x-|—c)5
d 2 cosh(dx +c¢) 2 2 cosh(dx +c¢) 8 cosh(dx +c)
8 sdex+cﬁ 4&%de+cﬁ)
3| — + + tanh(dx +
N (15 5 15 anh{dx + ) 3| sinh(dx+¢)5  Ssinh(dx+c)®  Ssinh(dx+c)
8 2cosh(dx+c¢)”  8cosh(dx+¢)?  16cosh(dx +¢)’
6 4 2
5 16 4 sech(dx + ¢) " 6 sech(dx +¢) i 8 sech(dx +c¢) tanh (dx + ¢)
n 35 7 35 35

16

Problem 31: Result more than twice size of optimal antiderivative.
sech(dx +¢)?
a+btanh(dx +c)?

dx

Optimal (type 3, 74 leaves, 5 steps):

(atb) /2arctan[ sinh(dx +c¢)Ja +b ]
_(2a+3b)arctan(sinh(dx+c)) Ja _ sech(dx +¢) tanh(dx +¢)

2b%d v dJa 2bd
Result (type 3, 835 leaves):

dx c 3 dx c dx c dx c
tanh( + j - tanh( > + > ) 3 arctan ( tanh( 5 + > ) ) 2 arctan ( tanh( 5 + > ) ) a
2

2 2
d 2 d 2
db[tanh(Tx—i-E) +1) db(tanh(Ter%j +1]

2

2 db db?



tanh( dx + = )
2 2 2
a“ arctan

dx dx
tanh + tanh +
2 a arctan ( 2 2) arctan ( 2 2)
N J (VB @aTh) +a+2b) N J VB @aTh) +a+2b) N J (2B aTh) +a+2b)a
dv* (2yB(axbh) +a+2b) dby (2B (@axbh) +a+2b) dJ (2B @aTh) +a+2b)a
dx dx dx
tanh + = tanh + = tanh + =
a2 arctan ( 2 ) 2 a arctan ( 2 ) b arctan ( 2 2 )
N JOJE @by +a+2b) N JOJE @by +a+2b) N JOJb@aTh) +a+2b)
db B atb) ¥ VB @aTh) +a+2b) dNE (a0 (2B aTh) +a+2b) dNE a0 (2B aTh) +a+2b)
dx dx dx
tanh + = tanh + = tanh + =
a? arctanh ( 2 2 ) 2 a arctanh ( 2 2 ] arctanh ( 2 2 j
J VB aTh) —a—2b) ~ J (Vb @Th) —a—26)a ) _ J OB @aTh) —a—2b)a
dv* 2y (axh) —a—2b) dby (2yB(aTh) —a—2b) dJ (2B aTh) —a—2b)
dx dx dx
tanh + — tanh + = tanh + =
a?* arctanh ( 2 2 j 2 a arctanh ( 2 2 ) b arctanh ( 2 2 j
. JOJT@Th) —a—2b) N JOJb@aTh) —a—2b) N JOJT@aTh) —a—2b)
dbyBatb) J VB @ath) —a—2b) Vb a0 (2B ash) —a—2b)
Problem 32:

Ao a5 (2VBaxh) —a—2b)

Result more than twice size of optimal antiderivative

J cosh(dx + ¢)
(a + b tanh(dx +¢)?)*

dx
Optimal (type 3, 89 leaves, 5 steps):

b(4a+b) arctan[ sinh(dx+c)yJa+b

Ja ;. sinh(dx +c)
2a* 2 (a+b)32d

(a+b)2d
800 leaves) :

b?sinh(dx + ¢)
2a(a —|—b)2d(a +
Result (type 3,

dx c)?

p*tanh| <= 4+ =
an ( 5 2)

dx c\* dx ¢ )2 dx
atanh( > + 2] +2tanh( 2 + 2) a+4btanh( +
*5)

2 2
] a+4btanh(%+%) +a)a

(a +b) sinh(dx +¢)?)
1

d(a+b)2(tanh[% +§j —1) d(a+b)?

b2 tanh( d
+

2
4
d(a+b)? (atanh(% +%) +2tanh(% +

= —

Feae

(SR

oo []e



tanh(%+%)a tanh(%+%)a
2 b% g arctanh 2 b arctanh
N /—a2—2ba+z a*b (a+b) 3 /—a2—2ba+z a*b (a+b)

d(a+b)>Jd*b(a+b) \/—a2—2ba+2 @b (a+b) d(a+b)2\/—a2—2ba+2 @b (a+b)

tanh(%—l—%)a tanh(%—i—%ja
2 b? g arctan 2 b arctan
n A +2ba+2 azb(a—l-b) n a+2ba+2 azb(a—i-b)
d(a+b)>Ja?b(a+b) Ja®+2ba+2Ja*b (a+b) d(a+b)2/a2+zba+2 a*b (a+b)
tanh(%-l—%ja tanh(%—i—%ja
b3 arctanh b? arctanh
_,2 _ 2 2 2
n \/a 2ba+2\a"b(a+b) _ \/a 2ba+2\a"b(a+b)

2d (a +b)2Jd?b (a+b) \/—a2—2ba+2 a’b (a +b) zd(a+b)2a/-a2—2ba+z a’b (a +b)

dx c dx c
tanh(T—l-zja tanh(T—i-E)a

b?* arctan

b? arctan

/a2+2ba+2 a’b (a +b) \/a2+2ba—|—2 a’b (a +b)

+
2d(a+b)*Ja?b(a+b) Ja®+2ba+2Ja*b(a+b) 2d(a+b)*ayd®+2ba+2Ja*b (a+b)
1

d(a+b)2(tanh(% +%j +1j

Problem 33: Result more than twice size of optimal antiderivative.

J sech(dx + ¢)
(

3 dx
a +btanh(dx+c)2)

Optimal (type 3, 71 leaves, 3 steps):

(2a+b) arctan{ sinh(dx+c)Ja+b
Ja bsinh(dx + c)

2832 (a+b)32d 2a(a+b)d(a+ (a+b)sinh(dx+c)?)

Result (type 3, 1800 leaves):
3
btanh( dx +%)

Cc

2

C

2
2
dx
+4btanh| — +
Fas o 44 6

4 2
d[atanh(%—i— ) +2tanh(%+% j +aj(a+b)a



dx c
h| — + —
b tan ( > 2]

dx

4 2
£j +2tanh[7 +%j a+4btanh(% +

2

2
d(atanh(ﬂ+ E) +a)(a+b)a
2 2
(a3 —l—azb)tanh(% +%)

a 3 arctan

a\/(a +b) <a3+3a2b +2ab*+2 azb(a —l—b)3 )

dya*b (a +b)> (a+b)/(a+b)(a3+3a2b+zab2+z azb(a+b)3)
3 2 dx C

b) tanh| — + —
(a +a )an ( 3 + 2)

5 &% arctan b>

a\/(a-l-b) (a3+3a2b +2ab?+2Jd*b (a+b)> )

2d b (a5 (a+b)y (a+b) (@ +32b+2a02 +2 b (atD))
3 2 dx C

b) tanh| &5 4 <
(&’ +a*b) tan ( 2 + 2)

2 q arctan b

a\/(a-l-b) (a3+3a2b +2ab*+2yJd?b (a +b)> )

da*b (a +b)3 (a-l—b)\/(a—l-b)(a3+3a2b+2ab2+2 azb(a+b)3)
dx c

3 2
b) tanh| == + =
(a +a )an [ 5 + 2)

arctan p*

a\/(a+b) (a3+3a2b +2ab?>+2ad*b (a+b)> )

2d\Jd*b (a +b)> (a+b)\/(a+b)(a3+3a2b+2ab2+2 azb(a+b)3>

(a3+a2b)tanh(%+%) (a3+a2b)tanh(%+%j
a arctan 3 arctan
a\/(a+b)(a3+3a2b+2ab2+2 azb(a+b)3> N a/(a+b) (a3+3a2b+2ab2+2 azb(a+b)3)
d(a+b)\/(a+b) (a3+3a2b+2ab2+2 a2b(a+b)3) 2d(a+b)\/(a+b)(a3+3a2b+2ab2+2 azb(a+b)3)
3 2 dx C
h = =
(& +a b)tan( 2 +2)

arctan bz

a\/(a+b) (a3 +3a’b+2ab?> +2Jd?b (a+b)3 )

2da(a+b)\/(a+b) (a3 +3d?b+2ab*>+2Jdb (a+b)> )



(—a3 —azb) tanh( dx + 5]
3 2 2
a” arctanh

ad (- —322b—-2a0? +2Jb (a+5)7) (a+b)

dJa*b (a+b)> (a+b)\/(—a3—3a2b—2ab2+2 azb(a+b)3)(a+b)

(—a3—a2b)tanh(% +%]

5 a* arctanh b?

a\/<—a3—3a2b—2ab2+2 azb(a —l—b)3 ) (a+b)

2dJa*b (a +b)3 (a+b)/(-a3—3a2b—2ab2+z azb(a+b)3)(a+b)

(—a3 —azb)tanh(% —i—%j

2 a arctanh b

a/(—a3—3a2b—2ab2+2 @b (a+b)’ ) (a +b)

d azb(a —l—b)3 (a +b)\/(—a3—3a2b—2ab2+2 azb(a —|—b)3 ) (a+b)
3 ) dx c

-a° —a“b)tanh| — + —

(-a®> —a*b) tan ( 5 2)

arctanh »*

a\/(—a3 —3a*b—2ab?+2Ja*b(a+b)> ) (a+b)

2d\Ja*b (a +b)> (a+b)\/(—a3—3a2b—2ab2+2 azb(a+b)3)(a+b)

(—a3—a2b)tanh(ﬂ+£) (—a3—a2b)tanh(ﬂ+ﬁj

a arctanh 2 2 3 arctanh 2 2
N a/(-a3—3a2b—2ab2+2 a2b(a+b)3)(a+b) + a\/(—a3—3a2b—2ab2+2 azb(a+b)3>(a+b)
d(a+b)/(—a3—3a2b—2ab2+2 a2b(a+b)3)(a+b) 2d(a+b)/(—a3—3a2b—2ab2+2 azb(a+b)3)(a+b)
(—a3—a2b)tanh(%+%j
arctanh b2
N a/(-a3—3a2b—2ab2+2 azb(a+b)3)(a+b)

2da(a+b)\/(—a3—3a2b—2ab2+2 @b (a+b)’ ) (a+b)

Problem 34: Result more than twice size of optimal antiderivative.
J sech(a’x+c)2

5 dx
(a + btanh(dx +¢)?)

Optimal (type 3, 54 leaves, 3 steps):



arctan( JB tanh(dx + c) ]

Ja tanh (d x + ¢)
283 2aJb 2ad (a+btanh(dx +¢)?)
Result (type 3, 553 leaves):
dx )
tanh| — + —
an ( - 2)
4 2 2
d[atanh(%—k%) +2tanh(%+%) a+4btanh(%+%) -I—a]a
tanh(%+%)a
dx c a arctanh
tanh| — + —
an ( 2 2) J-—2ba+2Jb (atb)

+

dx ¢\ dx ¢ )? dx c\?
d(atanh(7+3] +2tanh(7+5) a+4btanh(7+5) +a)a 2dJa*b (a +b) \/_a2_25a+2 a?b (a+b)

tanh(%+%ja tanh(%+%)a
arctanh b arctanh
\/—a2—2ba+2 a®b(a+b) + /-a2—2ba+2 a*b (a+b)
2d\a®b (a +b) \/—a2—2ba+2 a*b (a +b) 2da\/—a2—2ba+2 a’b (a +b)
tanh(ﬂ+£)a tanh(ﬂ-l-i)a
2 2 2 2
a arctan arctan b
3 a>+2ba+2\d*b(a+b) 3 a* +2ba+2\d*b (a+b)
2d\d*b (a +b) \/a2+2ba+2 a®b(a+b) 2d\Ja’b (a+b) \/a2+2ba+2 @b (a+b)
dx c
tanh( 2 +2)a
arctan

@ +2ba+2Jd*b(a+b)

2day a* +2ba+2Jd*b (a+b)

Problem 35: Result more than twice size of optimal antiderivative.
J sech(dx + )

dx
(a +btanh(a’x+c)2)2

Optimal (type 3, 60 leaves, 3 steps):



arctan( sinh(dx+c)ya—+b

sinh(dx + ¢) Ja
2ad (a+ (a+b)sinh(dx+c)?) 23 2dJath

Result (type 3, 406 leaves):

dx c )3
tanh + =
an(z 2)

dx ¢\ dx ¢ )? dx ¢ \?
h| &2 + £ +2tanh £ 4btanh| &2 + £
d[atan(2+2)+tan(2+2)a+btan(2+2)+aa
tanh dx+
2 2
N dx+c arctanh b
t —_ .
an ( 2 2) J-=2ba+2Jb (atb)
dx c dx ¢ \? dx 2 "
d(atanh(7+3] +2tanh( 5 +5) a+4btanh( 5 +2) +a)a 2dJa*b (a +b) \/_a2_25a+2 a?b (a+b)
tanh( d2x + = 7 ) tanh( d2x E)a tanh( d2x E)a
arctanh arctan b arctan
\/—a2—2ba+2 @b (a+b) + a®+2ba+2Ja*b (a+b) N a®+2ba+2Ja*b (a+b)
2da/—a2—2ba+2 a’b (a+b) 2dJa*b(a+b) Ja®+2ba+2Ja*b (a+b) 2da d® +2ba+2Ja*b (a+b)
Problem 36: Result more than twice size of optimal antiderivative.
5
J sech(dx + ¢) e
(a +btanh(dx +¢)?)

Optimal (type 3, 90 leaves, 5 steps):

(2a—10) arctan[ sinh(dxt+c)ya+b Ja+b
arctan(sinh(dx +c)) (a + b) sinh(dx +¢) B Ja
b d 2abd(a+ (a+b)sinh(dx+c)?) 243 2p2d
Result (type 3, 1120 leaves):
dx dx c
Zarctan(tanh( 5 + — > )) - tanh( 5 2)
db2 2

4
db(atanh(%+%) +2tanh(ﬂ+
dx c\?
tanh| — + =
an ( ) +2)

4

c dx c

— | +2tanh| — + —
j an(-’- 2)

c dx ¢ )2
2) a+4btanh( 2 +2) +a)

[\

a +4btanh( %

dx
d| atanh| — +
(aan(z >

2
C
+5 ]+
2) “J“



dx c
h| &*
tan(2+ )

2

2
* dx c\* dx c dx c \?
db(atanh(7+5j +2tanh(7+5 a+4btanh(7+zj +a)
tanh dx +—£1 a
) 22
dx N c a“ arctanh
tanh| = + =
n MI( 2 2) /—a2—2ba-%2 a’b (a +b)
dx c\* dx c \? dx c \2
d(atanh(7+zj +2tanh[7+5j a+4btanh(7+5) +a)a db\a*b (a +b) \/—az—zba+2 a?b(a+b)
tanh(%—i—%ja tanh(%—i—%)a
a arctanh arctanh b
_2 _ 2 2 2
. / a“—2ba+2\a"b(a+b) n / a‘—2ba+2\a"b(a+b)
2d\d*b (a +b) \/—a2—2ba+2 a?b(a+b) 2d\a*b (a+b) /-a2—2ba+z @b (a+b)
tanh(%—i—%)a tanh(%—l—%)a tanh(%-l—%ja
a arctanh arctanh arctanh
N \/—a2—2ba+2 a’b (a +b) + \/—a2—2ba+2 a’b (a +b) 3 \/—a2—2ba+2 a’b (a +b)
db2/-a2—2ba+2 a’b (a +b) 2db\/—a2—2ba—|—2 a’b (a +b) zda/-a2—2ba+z a*b (a +b)
tanh(ﬂ—l-ﬁ)a tanh(ﬂ—l-ﬁ)a
2 22 2 2
a” arctan a arctan
a?+2ba+2Ja*b(a+b) B A +2ba+2Ja*b(a+b)
dbJa*b (a+b) Va®+2ba+2Ja*b (a+b) 2dJa*b(a+b) Ja®+2ba+2Ja*b (a+b)
tanh(ﬂ+£ja tanh(ﬂ+£)a tanh(ﬂ+ﬁja
2 2 2 2 2 2
arctan b a arctan arctan
N \/a2+2ba+2 a*b(a+b) 3 \/a2+2ba+2 a®b(a+b) 3 /a2+2ba+2 a*b (a+b)
2dJd*b(a+b) Ja®+2ba+2Ja*b (a+b) dbz\/a2+2ba+2 a’b (a +b) 2db/a2+2ba+2 a*b (a +b)
dx c
t —_— i
anh( 2 + 7 ja
arctan
N a?+2ba+2Ja*b(a+b)

2da a®> +2ba+2Jad*b (a+b)

Problem 37: Result more than twice size of optimal antiderivative.



J sech(dx +¢)7 e
(a +btanh(dx +¢)?)
Optimal (type 3, 139 leaves, 6 steps):

sinh(dx +c¢)a+5b
Ja 4 _ (a+b) (2a+b)sinh(dx +c)
24832 p3d 2ab?d (a+ (a +b) sinh(dx +¢)?)

(4a—>) (a +b)3/2arctan[
(4a +5b) arctan(sinh(dx +¢c))
20%d
_ sech(dx + ¢) tanh(dx + ¢)
2bd(a+ (a+b)sinh(dx +c)?)
Result (type 3, 1628 leaves):

dx c )
tanh| — + —
] a tan ( > 2)
4 2 2
dbz[atanh(%+%) +2tanh(%+%) a+4btanh(%+%) +aJ
tanh dx +
5 2 T2
dx N c 2 a“ arctanh
tanh| — + —
amn ( 2 2) \/—a2—2ba+2 a*b(a+b)
+ 2
db? (atanh(%+%j +2tanh(d7+%) a+4btanh( dzx 3) +a) db3\/—a2—2ba+2 @b (a+b)
tanh( dzx + = 5 ) tanh( dzx + — > j tanh( a";c + — > )
2 % arctan 7 a arctanh 7 a arctan
A 4+2ba+2Ja*b(a+b) + \/—a2—2ba+2 a’b (a +b) B a®+2ba+2{a*b(a+b)

zdb2/a2+2ba+2 a’b (a+b)

db3/a2+2ba+z a*b (a +b) 2db2/-a2—2ba+2 a’b (a+b)

tanh( dzx + = > ) tanh( a";c + = 7 j
a arctanh arctanh b
_,2 _ 2 2 2
_ \/ a“—2ba+2\a“b(a+b) n \/ a“—2ba+2\Ja"b(a+b)
dya*b (a +b) \/—a2—2ba+2 a’b (a +b) 2d\d®b (a +b) \/—a2—2ba+2 a*b (a +b)
tanh( dx + = ) tanh( dx + E)a
2 2 2 2
a arctan arctan b
@ +2ba+2ya’b (a+b) N a®+2ba+2{a*b (a+b)

dJa®b (a+b) ya*>+2ba+2Ja*b (a+b) 2dJd*b(a+b) Ja®+2ba+2a*b (a+b)

dx 3
tanh +
an(z 2]

4 2 2
c dx c dx c
2) +2tanh( > +2j a+4btanh( 2 +2j +a)a

d (atanh( % +



tanh( dx+ )
2 2
dx+ arctanh
tanh
N a (2 2) _ J-—2ba+2JZb(atb)
4 2
d(atanh(%—i—%j +2tanh dx % a+4btanh(dz %) +a)a rdad -a —2ba+2Jbath)
i d; ]
arctan 3
dx c dx c dx c
tan| tanh| — + = tanh| == 4+ = tanh| == 4+ =
N @ +2ba+2 (a+b) Sarcan an(z +2))_ an(z +2) N an(z +2j
db? dx ¢ \? 2 dx c )2 2
2da d®>+2ba+2 (a +b) d b? [tanh(7+5) +1j dbz[tanh(7+5) +l)
tanh( dx + — ) tanh( dx + — )
2 &3 arctanh 22 2 a3 arct 22
dx 4 c a~ arctan a” arctan
4arctan| tanh| == + =
N arcan(an ( 2 2)]a B J-c—2ba+2 @b (ath) B P +2ba+2Jdb (a+b)
b
db*\Ja*b (a +b) \/—a2—2ba+2 a’b (a +b) db*Ja*b (a+b) Ja®+2ba+2Ja*b (a+b)
dx c)?
2tanh| == + =
~ an! ( B + 2)

2 2
c dx c
5 +5) a+4btanh(7+3) +a)

4
db (atanh( % +§) +2tanh( dx

tanh( dx+ )
2 2
c arctanh
2tanh| — + =
an( zj J-—2ba+2JZb(atb)
* d d d 2 *
X X C X
db(atanh( 5 +2) +2tanh( > E) a+4btanh( > 3) +a) db\/—a2—2ba+2 @b (a+b)
tanh( dx + = ) tanh dx+ )
2 2 ) 2 2
arctan 7 a* arctanh
3 > +2ba+2Jdb(a+b) ) J-d—2ba+2 /b atb)
db/a2+2ba+2 a?b(a+b) 2db\a*b (a+b) \/—a2—2ba+2 @b (a+b)
tanh( dzx + 2)
7a2arctan

a+2ba+2 azb(a +b)

2db\Ja*b(a+b) Ja*+2ba+2Jd*b (a+b)

Problem 38: Result more than twice size of optimal antiderivative.



J cosh(dx + ¢)
T dr
(a +btanh(dx +¢)?)
Optimal (type 3, 140 leaves, 6 steps):
3b(8a2+4ba +b2)arctan sinh(dx +¢) ya+b
a sin X +c sin x+c
Ja . sinh(d ) o b3 sinh(d )
8a° 2 (a+b) 2d (a+b)*d  4a(a+b)3d(a+ (a+b)sinh(dx+c)?)?

3b% (4a +b) sinh(dx +¢)
8a’ (a+b)3d(a+ (a+b)sinh(dx+c)?)
Result (type 3, 1801 leaves):

] ! B 3b2tanh(%+%)7
d(a+b)3(tanh(%+§)—l) d(a+b)3(atanh(ﬂ+£)4+2tanh(ﬂ+£)2a+4btanh(ﬂ+£J2+a)
2 2 2 2 2 2

~ 5b3tanh(d7+%J7
4d(a+b)3(atanh(%+§j4+2tanh(d7 %)2a+4btanh(%+%)2+a)2a

) 3b2tanh(d7+§)5
d(a+b)3(atanh(%+§)4+2tanh(d7+%j2a+4btanh(%+%)2+a)2

i 45b3tanh(d7+%)5
4d(a+b)3(atanh[%+%]4+2tanh(d7+%)2a+4btanh(%—I—%)Z—Fa)za

- 3b4tanh(d7+% ’
d(a+b)3(atanh(%+§)“+2mh(%+§)2a+4btanh(%+;)2+a)2az

3
3 b? tanh( J

2 2 2
) a+4btanh(% +%) +a)

N|Q

+

+

QU [\)|QA
S

d(a+b)3 (atanh( % + <

4
7 J +2tanh(

(S



45 b3 tanh

+ 4
4d(a+b)3 | atanh[ 2 + € +2tann( 42X 4+

2 2 2

3
3b4tanh(d7+%)
+ 4 2
d(a—i—b)3 (atanh(%+£) +2tanh( +

3b2tanh[ dT +
+

4
d(a +b)3 (atanh(% +%J +2tanh(d7 +

N
N|Q‘
+
SRR

)
N|9“

¢ \? ¢ )? 2
Ej a+4btanh(—+5) +a)
53 tanh 45 4 €
2 2
_|_
dx e\ dx ¢ \? dx ¢ )? 2
4d (a +b)3 (atanh(T +3] +2tanh(7 +E) a+4btanh(7 +5) +a) a
tanh( dzx + — > J a? tanh( d2x > )az
3 b? & arctan 3 b q? arctan

4 \/(a3+2a2b+2 a4b(a +b) )a n \/<a3+2a2b +2 a4b(a+b) )a

(a+b)3Jd*b(a+b) \/(a3+2a2b+2 a*b (a+b) ) (a+b)3Ja*b(a+b) / a3+2a b+2ya*b (a+b) )

tanh( dzx + = 7 ) a* tanh( dzx > )az
3 b* q arctan 3 b a arctan
\/(a3+2a2b+2 a4b(a+b) )a n \/<a3+2a2b+2 a4b(a+b) )a
(a +b)*Ja*b (a+b) / a3+2a2b+2 a*b (a +b) )a d(a+b)3/(a +2a’b+2Jd*b (a+b) )
tanh(dzx+2) a? tanh(dzx—i-z) a?
3 b? arctan 3 b° arctan
J(B+22b+2Fb (atb)) . J(B+2a2b+2Fb (at0))
2d(a+b)3/(a3+2a2b+2 @bath)) 8d(a+b)3a\/(a3+2a2b+2 Pbath) )a
tanh( d2x + 2) a?
3 b? &3 arctanh
\/(—a3—2a2b+2

tanh( a’2x + 2) a?
3 b? @? arctanh

4b(a+b) )a n
d(a+b)3Ja*b (a+b) /(-a3—2a b+2Ja*b (a+b) )

\/(—a3—2a2b+2 a4b(a+b) )a
(@403 (at0) J (- —2a82b+2 @D (atb) )




tanh(ﬂ +£)a2

dx c\ 2
tanh| — + —
an( Ja > >

2 2

3 b* q arctanh 3 b a arctanh

4 \/(—a3—2a2b+2 a4b(a+b) )a _ \/(—a3—2a2b+2 a4b(a+b) )a

8d (a+b)3Jd* b (a+b) \/(—a3—2a2b+2 a*b(a+b) )a d(a+b)3\/(—a3—2a2b+2 a*b(a+b) )a
tanh(ﬂ—l-gja2 tanh(ﬂ—ki)a2

3 b2 arctanh 2 2 3 b7 arctanh 2 2
\/<—a3—2a2b+2 a4b(a+b) )a B \/(—a3—2a2b+2 a4b(a+b) )a
2d(a+5)3Y (- —282b+2JFb(atb) ) a 8d(a+b)’a) (- —2a2b+2 @b (ath) ) a

1
3 dx c
d(a+b) tanh 74‘5 +1

Problem 39: Result more than twice size of optimal antiderivative.

5
J sech(dx +¢) - dr
(a + btanh(dx +¢)?)
Optimal (type 3, 90 leaves, 4 steps):
3 arctan sinh(dx+c¢)Ja+b
sinh(dx +¢) N 3sinh(dx +c¢) + Ja
4ad(a+ (a+b)sinh(dx+¢)?)?  8a*d(a+ (a+b)sinh(dx+c)?) 845 2d\a+b

Result (type 3, 707 leaves):

7
Stanh(ﬂ +£)

_ 2 2
dx c\* dx c \? dx c \2 2
4d(atanh( 2 +2) +2tanh( 2 +2J a+4btanh( > +2) +al a
5
3tanh(%+%)
+

[

dx
4d | atanh| — +
(aan[z :

2

[\

4 2 2 2
) +2tanh(%+£) a+4btanh(%+£) +a] a

dx ¢\
3btanh| — + —
an(z zj

4
d(atanh(% +£j +2tanh(% +

2 2
2 ) a+4btanh(%+%) +a) a*

SR



dx c)?
3tanh| — + —
an(z 2)

dx c \* dx c \? dx c \?
4d(atanh( > + 2) -|—2tanh( > + 2) a+4btanh( > + 2) +a) a
dx £]3

3btanh| —
am(z-l-2

dx ¢\ dx ¢ )? dx c\? 22
h| — 4+ = | +2tanh| — + = +4 hf — +=1| +
d(atan ( > 2] tan ( > 2) a b tan ( 2 2) a) a

dx c) »
tanh| — —
an(2+2)a

dx c
Stanh| — + —
an(2 >

3 a arctan
j \/<a3+2a2b+2 a4b(a+b) )a

dx ¢\ dx ¢ \? dx c
4d(atanh(7+5) +2tanh(7+z) a+4btanh(7+3

2 T
) +a) a 8dyd*b(a+b) /(a3+2a2b+2 a*b (a +b) )a

tanh(%+%)a2 tanh(%+%)a2
3 arctan 3 q arctanh b
4 \/(a3+2a2b+2 a4b(a+b) )a 4 \/(—a3—2a2b+2 a4b(a+b) )a
8da/(a3+2a2b+2 a*b (a +b) )a 8dya*b (a +b) \/(—a3—2a2b+2 a*b (a +b) )a
tanh(%—i—%)az
3 arctanh

\/<—a3—2a2b+2 a*b(a+b) )a

8da\/(—a3—2a2b +2 a4b(a +b) )a

Problem 40: Result more than twice size of optimal antiderivative.
J sech(dx +¢)’
3
(a +btanh(dx +c)?)

dx

Optimal (type 3, 142 leaves, 6 steps):
_ arctan(sinh(dx +¢) ) 4 (a +b) sinh(dx +c) __(4a—3b) (a+b)sinh(dx+c)
bd 4abd(a+ (a+b)sinh(dx+¢)2)> 8a*b*d(a+ (a+b)sinh(dx +c)?)
(842 —4ba+3b?) arctan| SRxFC)VatD j\/a+b
+ Ja
8a° 2 b3 d
Result (type ?, 2224 leaves): Display of huge result suppressed!

Problem 42: Result more than twice size of optimal antiderivative.



Jtanh(dx +¢) (a+btanh(dx +¢)2)? dr
Optimal (type 3, 53 leaves, 4 steps):

(a+b)2In(cosh(dx+¢c)) _ b(a+b)tanh(dx+c)®  (a+btanh(dx+c)2)’
d 2d 4d

Result (type 3, 148 leaves):
_tanh(dx+c¢)*p?  abtanh(dx+c)?  tanh(dx+c)?h®  In(tanh(dx+c) —1)a*>  In(tanh(dx+c) —1)ba _ In(tanh(dx+c) —1) b?

44 d 2d 2d d 2d
__mﬁdex+c)+1Mf__mUdex+c)+1)ba__MUdex+c)+l)ﬁ
2d d 2d

Problem 43: Result more than twice size of optimal antiderivative.
2
J(a + btanh(dx +¢)?)” dx

Optimal (type 3, 41 leaves, 4 steps):

b(2a+b)tanh(dx+c) b tanh(dx+c)?

2. _
(a+b)°x 7 3 d

Result (type 3, 143 leaves):
_b*tanh(dx+c)®  2tanh(dx+c)ab  b*tanh(dx+c)  In(tanh(dx+c) —1)a*>  In(tanh(dx+c) —1)ba  In(tanh(dx +c) —1) b*

3d d d 2d d 2d
In(tanh(dx +¢) +1) a®> | In(tanh(dx+c¢) +1) ba . In(tanh(dx+c¢) +1) b?
* 2d * d * 2d

Problem 46: Result more than twice size of optimal antiderivative.
3
Jtanh(dx+c)4 (a +btanh(dx +c)?)” dx

Optimal (type 3, 106 leaves, 4 steps):

(a+5)x— (a+b)tanh(dx+c)  (a+b)tanh(dx+c)®  b(3a*>+3ba+b*)tanh(dx+c)°>  b*(3a+b)tanh(dx+c)’! b tanh(dx+c)’

d 3d 5d 7d 9d
Result (type 3, 364 leaves):

_3ab’tanh(dx+c)  3a’btanh(dx+c)  a*btanh(dx+c¢)®  3tanh(dx+c)’ab®  3tanh(dx+c)3a®h  3ab’tanh(dx +c)d

d d d 7d 5d 5d
_ dtanh(dx+c¢)  tanh(dx+c) b bPtanh(dx+c)®  In(tanh(dx+c¢) —1)a®  3In(tanh(dx+c) —1) &*b
d d 3d 2d 2d
_ 3n(tanh(dx+c) —=1)ab® _ In(tanh(dx+c) —=1) b _ tamh(dx+c)’a’ _ Ptanh(dx+c)’ _ ptanh(dx+c¢)® | In(tanh(dx+c) +1)
2d 2d 3d 7d 5d 2d

, 3In(tanh(dx+c) +1)a?h | 3n(tanh(dx+c) +1)ab®  In(tanh(dx+c) +1)b° _ ab’tanh(dx+¢)® _ b’ tanh(dx+c)°
2d 2d 2d d 9d



Problem 49: Result more than twice size of optimal antiderivative.

3
J coth(dx + ¢) 2®
(a + btanh(dx +¢)?)
Optimal (type 3, 118 leaves, 4 steps):
_coth(dx +¢)? o In(cosh(dx+c)) | (a—2b)In(tanh(dx+c)) b* (3a+2b) In(a +btanh(dx +c)?) b
24%d (a+b)2d ad 243 (a +b)%d 24d* (a +b)d(a+btanh(dx +¢c)?)
Result (type 3, 382 leaves):
2
_tanh( dzx+2) _ln(tanh(%—i-%)—l) .\ 2b3tanh(d7 %)
8da’ d(a+b)? 5 5 dx | ¢ dx | ¢ dx | ¢\’
da® (a +b) atanh( 2 +2) +2tanh( 2 2) a+4btanh( 2 + 2) +a
2
2b4tanh(ﬂ +5)
2 2
" dx 4 dx ¢ )? dx ¢ \?
da3(a+b)2[atanh( >+ 2) +2tanh(7 +3) a+4btanh(7+5) +a)
4
2 dx | ¢ dx , ¢ dx
. 3b ln(atanh( > + 2] +2tanh( 5 2) btanh( 5 + 2) +a)
2da® (a+b)?
4 2
b3ln(atanh(ﬂ+ﬁj +2tanh(d £j +4btanh(d 2) +a) ln(tanh(ﬂ+£))
2 2 2 2 2 2 1 2 2
" ddd (a +b)2 - VIR dd
8da mnh( —-)
2
~ 21n(tanh(% +%))b B ln(tanh( dzx + = 7 ) +1)
da d(a+b)?
Problem 50: Result more than twice size of optimal antiderivative.
6
J tanh (dx + ¢) e
(a + btanh(dx +¢)?)
Optimal (type 3, 130 leaves, 6 steps):
(3a2+10ba+15b2)arctan( (b tanh(dx +c) ]\/7
X _ Ja I atanh(dx+c)3 n a(3a+7b) tanh(dx + ¢)
(a+b) 86° /% (a+b)3d 4b(a+b)d(a+btanh(dx+c)2)*  8b* (a+b)*d(a+btanh(dx+c)?)
Result (type 3, 351 leaves):
_In(tanh(dx+¢) =1) | In(tanh(dx+c) +1) 543 tanh(dx +¢)> N 74 tanh(dx + ¢)°>

2d (a+b)? 2d (a+b)? 8d (a+b)3(a+btanh(dx+c)2)?b  4d(a+b)? (a+btanh(dx +c)?)*



N 9 g btanh(dx +¢)> + 3a*tanh (dx + ¢) + 54> tanh(dx + ¢)
8d (a+5)3 (a+btanh(dx +¢)2)>  8d(a+b)3 (a+btanh(dx+¢)2) b 4d(a+b)3 (a+btanh(dx+¢)2) b
34 arctan( w] 5a% arctan[ w] 15 aarctan( w)
N 7% tanh (dx + ¢) B Jba 3 Jba B Jba
8d (a+5)3 (a+btanh(dx +¢)?)* 8d (a +b) b*Jba (a+b)>byba 8d (a +b)3\ba

Problem 51: Result more than twice size of optimal antiderivative.

J coth (dx + )
T dr
(a +btanh(dx +c¢)?)
Optimal (type 3, 132 leaves, 4 steps):
In(cosh(dx+c)) . In(tanh(dx+c)) _ b(3a®+3ba+p?)In(a+btanh(dxtc)?) | b
(a+b)3d ad 24 (a+b)°d 4a(a+b)d(a+btanh(dx+c)?)?

b(2a+b)
+ 2 2 2
2a* (a +b)?d (a +btanh(dx +¢)?)
Result (type 3, 951 leaves):

6
ln(tanh(dx —)—1) 6b2tanh(d— 5)
] 2 2 B 2 2
d(a-%b)3 3 dx ¢ \* dx ¢\ dx c)? 2
d(a+b) [atanh(7+5) +2tanh(7 5) a+4btanh(7+5) +aJ

6
10b3tanh( J

2 dx 2
4 btanh| —
) a+ m1( B + 2) +a)

Do

dx c
d(a+b)’ tanh| — + —
(a ) a(a m1( > >

4
j + 2 tanh
6
4b*tanh| 5 + £
an(2 2)

4 2 2 2
+ 2) +2tanh( dx +£) a+4btanh(%+%) —i—a)

d(a+b)d [atanh( dzx

dx c
d(a+b)3 tanh| — + =
(a ) (aan ( > >

dx c
d b)3 tanh| —— + =
(a+b) a(a ml[ > +—2



dx c\?
40 p* tanh| == + =
an(z 2)

4 2
d(a+b)3a2(atanh(%+ ) +2tanh(%—l—%) a—l—4btanh(—

<
2

dx c\*
12 b’ tanh =
an(2 +2)

d(a+b)3a® | atanh ﬂ+£)4+2tanh dx eV apan( 4E 4 2) 4g ’
2 2 2 2 2 2

dx 4 2
a+4btan|1(— + —) +a)

2
dx ¢ \?
2+2J
dax

2
) a +4btanh(

3 dx c
+ h| — + =
d(a+b) (atan ( 2 >

d(a +b)3a (atanh( % +

2
4b*tanh| £ + £
an(z 2)
h

4 2 2
d(a+b)3a2(atanh(ﬂ +£J + 2 tan (ﬂ +£J a+4btanh(ﬂ +£) +a)
2 2 2 2 2
4 2 2
3b1n[atanh(ﬂ+5 +2tanh(—+£ a+4btanh( + < +a]
2 2 2 2
2d(a+b)a
4 2
2 dx L & dx L ¢ dx
~ 3b ln(atanh( ) + 2) +2tanh( 5 ) a+4btanh( 2 + 2) +a)
2d (a +b)3d®
4 2 )
3 dx c dx c dx dx c dx
1 h| —= + = 2tanh| — + — 4 h 1 h| — + = 1 h 1
_bn(atan(2+2)+tan[2+2]a+ btan(2+2)+a)+n[tan(2+2 _ntan 2+2 +
2d (a+b)d da® d(a+b)?

Problem 52: Result more than twice size of optimal antiderivative.
J coth(dx +¢)*

3 dx
a +btanh(dx+c)2)

Optimal (type 3, 210 leaves, 8 steps):



» /2 (63 a®+90ba+35 bz) arctan[ (/b tanh (dx +c)

X N Ja (84> —8d*b —55ab* —35b%) coth(dx +¢)
(a+b)3 8a° 2 (a+b)3d 8a* (a+b)2d
_ (8a*+55bha +35b%) coth(dx +¢)? N beoth(dx +c¢)> b(11a+7b) coth(dx +c)>

24a% (a+b)%d 4a(a+b)d(a+btanh(dx+c)2)* 8a* (a+b)*d(a+btanh(dx+c)?)

Result (type ?, 2138 leaves): Display of huge result suppressed!

Problem 55: Result more than twice size of optimal antiderivative.

J a + btanh(x)? tanh(x)> dx
Optimal (type 3, 71 leaves, 7 steps):

/ 2 2\3 /2 \5 /2
arctanh| Yo Fotanh(x) Ja+b —Ja+btanh(x)? + (a =b) (a+b;anh(x) ) _ (a+btanh§x) )
[aTh 3b 5b

Result (type 3, 287 leaves):

(a+btanh(x)?)*?  tanh(x)? (a+btanh(x)?)* 2 | 24 (a+btanh(x)?)*? B (tanh(x) — 1)’ +2 (anh(x) — 1) b ta+b

3b 5b * 15 5% 2
ﬁln( (tanh(x) 1) b+b | [ Canh(x) — 1)2 42 (tanh(x) — 1) b +a + b
_ Vb
2
— 2a+2b+2(tanh(x)—1)b+2\/a+b\/b(tanh(x)—1)2+2(tanh(x)—1)b+a+bJ
+ a+bln[ tanh(x) — 1
2
J [ LA tanh(x)) b =5 +\/b(1—|—tanh(x))2—2(1+tanh(x))b+a+b)
Vb (1 +tanh(x))? =2 (1 +tanh(x)) b+a +b . N
2 2
— 2a+2b—2(1+tanh(x))b+2«/a+b\/b(l+tanh(x))2—2(1+tanh(x))b+a+bJ
+ a+bln[ 1 + tanh(x)
2

Problem 56: Unable to integrate problem.

Jcoth(x)“ a + btanh(x)? dx
Optimal (type 3, 64 leaves, 6 steps):

arctanh[ Ja@ + b tanh(x)
Ja +btanh(x)2

_ (3a+b)coth(x)Ja+btanh(x)>  coth(x)?a + btanh(x)?
va-+b 34 3




Result (type 8, 17 leaves):
Jcoth(x)“ a +btanh(x)? dx

Problem 57: Result more than twice size of optimal antiderivative.
3 /2
Jtanh(x)z(a—i-btanh(x)z) 2 g

Optimal (type 3, 101 leaves, 8 steps):

(342 +12ba +85%) arctanh| /0 anh(x) ]
(a+5)3 7 arctanh Ja + b tanh(x) ] B a+btanh(x)®> )  (5a+4b)Ja+btanh(x)? tanh(x)
a + btanh(x)? 8Vb 8

__bya +—btanh(x)2 tanh(x)3
4

Result (type 3, 632 leaves):

_ tanh(x) (a —Fb‘[anh(x)z)3 % _ 3atanh(x)a —i—btanh(x)2 _ 3a21n(tanh(x) \/7+\/a+btanh(x)2 )

_ (b (tanh(x) = 1)% +2 (tanh(x) ) b4a+b)” _ byb (tanh(x) —1)*> +2 (tanh(x) — 1) b +a +b tanh(x)
6 4
3ﬁln( (tanh(x) = 1) b+b | 3 Canh(x) — 1)2 +2 (tanh(x) — 1) b +a + b ]a
_ Vb
4
ln( 2a4+2b+2 (tanh(x) —1)b+2Ja +b b (tanh(x) —1)2+2 (tanh(x) —1) b +a+b ]ma
+ tanh(x) — 1
2

_ /b (tanh(x) —1)?> +2 (tanh(x) —1)b+a+b a

2

ln[2a+2b+2(tanh(x)—1)b+2\/a+b Jb (tanh(x) — 1)2 42 (tanh(x) — 1) b +a + b me
i tanh(x) — 1

2

b3 /zln[ (tanh(x) =1)b+b | [ anh(x) — )2+ 2 (tanh(x) —1)b+a+b]

3 Vb _ /b (tanh(x) —1)? +2 (tanh(x) —1)b+a+b b
2 2
32

(b (1 +tanh(x))%> —2 (1 +tanh(x)) b +a+b) _ byb (1 +tanh(x))> =2 (1 +tanh(x)) b +a +b tanh(x)
6 4

_|_



3ﬁ1n( (L+tanh(x))b=b | /37T Ftanh(x))2 —2 (1 +tanh(x)) b +a + b ]a

3 Vb
4
ln{2a+2b—2(1+tanh(x))b+2\/a+b Jb (1 +tanh(x))2 —2 (1 +tanh(x)) b +a + b Jma
_ 1 + tanh(x)
2
in( (Lt tanh(x)) b =5 +\/b(1+tanh(x))2—2(1+tanh(x))b+a+b)bs/z
L Jb (I +tanh(x))® =2 (I +tanh(x))b+a+ba _ N
2
ln{2a+2b—2(1+tanh(x))b+2\/a+b Jb (1 +tanh(x))2 —2 (1 +tanh(x)) b +a + b me
_ 1 + tanh(x)
2

Jb (1 +tanh(x))2—2 (1 +tanh(x))b+a—+b b
2

+

Problem 58: Result more than twice size of optimal antiderivative.
3 /2
Jtanh(x) (a + btanh(x)?) 2 4

Optimal (type 3, 51 leaves, 6 steps):

(a + btanh(x)2)*

3

a + btanh(x)?

Ja+b

(a +b)3 /zarctanh

] — (a+b)Ja+btanh(x)? —

Result (type 3, 577 leaves):

_ (b (tanh(x) — 1)2+2(tanh(x) —1)b+a +b)3 /2 _ b\/b(tanh(x) —1)2+2 (tanh(x) —1) b +a + b tanh(x)
6 4
3ﬁln( (tanh(x) 1) b+b | [ Canh(x) — 1)2 +2 (tanh(x) — 1) b +a + b ]a
_ Vb
4
ln[ 2a+2b+2 (tanh(x) —1)b+2Ja+b \/b(tanh(x) —1)2+2 (tanh(x) —1)b+a+b J\/ma
+ tanh(x) — 1
2
_ b (tanh(x) —1)?> +2 (tanh(x) — 1) b+a+b a
2
ln[ 2a+2b+2(tanh(x)—1)b+2\/a+tb }\{(b§tan};(x) —1)2+2(tanh(x)—1)b+a+b ]\/mb
anh(x) —

+
2



b3 /zln[ (tanh(x) =1)b+b | [ Canh(x) — )2 +2 (tanh(x) — 1) b +a +b ]

B N _ /b (tanh(x) —1)? +2 (tanh(x) —1)b+a+b b
2 2
 (b(1+tanh(x))? =2 (1 +tanh(x)) b +a+5)° L bJb (I +tanh(x)) =2 (1 +tanh(x) ) b +a +b tanh(x)
6 4
3ﬁln( (L+tanh(x))b=b | /77T Ftanh(x))2 —2 (1 +tanh(x)) b +a + b ]a
N Vb
4
2a+2b—2(1+tanh(x)) b +2Va+5 b (1 +tanh(x))2—2 (1 +tanh(x)) b +a+b ]
N ln( 1 + tanh (x) jatba
2
in( {LFtanh(x)) b =5 +\/b(1+tanh(x))2—2(1+tanh(x))b+a+bJb3/2
_ Jb (1 +tanh(x))?> =2 (1 +tanh(x))b+a+b a + Jb
2
2a+2b—2(1+tanh(x))b+2Va+5 b (1 +tanh(x))2—2 (1 +tanh(x)) b +a+b ]
N ln( 1 + tanh (x) fatbb
2

_ Jb (1 +tanh(x))?> =2 (1 +tanh(x)) b+a+b b
2

Problem 59: Result more than twice size of optimal antiderivative.
J 1 +tanh(x)? dx
Optimal (type 3, 25 leaves, 5 steps):
-arcsinh(tanh(x) ) + arctanh[ M ] J2

1 + tanh(x)?
Result (type 3, 96 leaves):

\/Tarctanh[ (2 +2tanh(x)) /2

~/ (tanh(x) — 12)2 +2M@nh(x) o anh(x)) 4 4\/(tanh(;c) —1)2 4 2 tanh(x) ] N J (1 +tanh(x)2)2 — 2 tanh(x)

J2 arctanh (2 —2tanh(x)) V2 ]

4y (1 +tanh(x) )% — 2 tanh(x)
2

Problem 60: Result more than twice size of optimal antiderivative.



32

J(-l —tanh(x)?)” 7" dx

Optimal (type 3, 53 leaves, 7 steps):

[ tanh (x) J
5 arctan
-1 — tanh(x)? +2arctan[ J?2 tanh(x) N -1 —tanh(x)? tanh(x)
2 JT — tanh(x)2 2
Result (type 3, 210 leaves):
5 arctan( tanh )
(- (tanh(x) — 1) — 2 tanh(x) ) /2 . tanh(x) J - (tanh(x) —1)> —=2tanh(x) J - (tanh(x) — 1) — 2 tanh(x)
6 4 4
+4/ - (tanh(x) — 1)? — 2 tanh(x \/—arctan[ (-2tanh(x) —2) V2 + (- (1 + tanh (x) )2 + 2 tanh (x) )3 -
4\/ (tanh (x 1)2—2tanh(x)
Sanxan[ tanh ) J
N tanh(x)\/—(l+tarjl(x))2+2tanh(x) _ \/—(1+tan:1(x))2+2tanh(x) T T e T e )
4 /7 arctan (-2 +2tanh(x)) V2 ]
4 - (1 +tanh(x))? + 2 tanh(x)

Problem 61: Result more than twice size of optimal antiderivative.

J tanh (x)* &
a + btanh(x)?

Optimal (type 3, 70 leaves, 7 steps):

(a —2b) arctanh (B tanh (x) ] arctanh[ Vatb tanh(x) ]
a + b tanh(x)? 4 a+btanh(x)?> ) Ja+btanh(x)? tanh(x)
203 /2 7 2b

Result (type 3, 177 leaves):

_1n(tanh(x)ﬁ+ a+btanh(x)2) _ Ja+btanh(x)? tanh(x) N aln(tanh ) Vb ++a+btanh(x )

7 2b 203 2
In 2a+2b+2 (tanh(x) —1)b+2a+b \/b(tanh(x) —1)2+2 (tanh(x) —1)b+a+b ]
n tanh(x) — 1

2Ja+b



In 2a+2b—2 (1 +tanh(x))b+2Ja+b \/b(l +tanh(x))2 —2 (1 +tanh(x) )b +a+b
B 1 + tanh (x)

2Ja+b

Problem 62: Result more than twice size of optimal antiderivative.

J tanh (x)> &
a + btanh(x)?

Optimal (type 3, 39 leaves, 5 steps):

a +btanh(x)2

Ja+b ] _ Ja+btanh(x)?
va+b b

arctanh

Result (type 3, 128 leaves):

2a+2b+2 (tanh(x) —1)b+2a+b \/b(tanh(x) —1)2+2(tanh(x) —1)b+a+b ]

Ja + btanh(x)2 ln[

tanh(x) — 1
- +
b 2 a+b
ln( 2a+2b—2 (1 +tanh(x))b+2Ja+b \/b(l +tanh(x))? —2 (1 +tanh(x)) b +a +b )
" 1 +tanh(x)
2Ja+b

Problem 63: Result more than twice size of optimal antiderivative.

J tanh (x) “
a + btanh(x)?

Optimal (type 3, 23 leaves, 4 steps):

arctanh[ a+btanh(x)2J

Ja+b
Ja—+b

Result (type 3, 113 leaves):

In 2a+2b+2 (tanh(x) —1)b+2ya+b \/b(tanh(x) —1)2+2 (tanh(x) —1) b +a+b
tanh(x) — 1

2\Ja+b




In 2a4+2b—2 (1 +tanh(x))b+2Ja+5b \/b(l +tanh(x))? —2 (1 +tanh(x)) b +a +b
" 1 +tanh(x)

2Ja+b

Problem 64: Result more than twice size of optimal antiderivative.

tanh (x)>
dx
J (a + btanh(x)2)> 7

Optimal (type 3, 62 leaves, 6 steps):

2
arctanh[ a + btanh(x) J
Ja+b a? _ Ja+btanh(x)?
3 /2 2
(a+b)*/ b2 (a+b)Ja+ btanh(x)> b
Result (type 3, 321 leaves):
1 B tanh (x)2 3 2a 3 1
bya+btanh(x)2  bya+btanh(x)2  b*Ja+btanh(x)2 2 (a+5b) b (tanh(x) —1)2+2 (tanh(x) — 1) b +a +b
N b (2 (tanh(x) —1) b +2b)

(a+b) (4b(a+b) —4b*) b (tanh(x) —1)2+2 (tanh(x) — 1) b+a+b
ln[ 2a+2b+2 (tanh(x) —1)b+2Ja+b b (tanh(x) —1)2+2 (tanh(x) —1)b+a+b ]
tanh(x) — 1
2(a+b)372
3 1 3 b (2 (1 +tanh(x))b —2b)
2(a+b)Jb (1 +tanh(x))2—2 (1 +tanh(x))b+a+b (a+b)(4b(a+b) —4b*) b (1 +tanh(x) )2 —2 (1 +tanh(x)) b +a+b

ln{ 2a+2b—2 (1 +tanh(x) )b +2a+b \/b(l +tanh(x) )2 —2 (1 +tanh(x) )b +a+b J
4 1 + tanh(x)

2(a+b)*7/?

+

Problem 65: Result more than twice size of optimal antiderivative.

h 4
J tanh (x) — dr
(a + btanh(x)?)
Optimal (type 3, 70 leaves, 7 steps):

sretanh| /P tanh (x) J arctanh[ Ja + b tanh(x) J
a + btanh(x)? a + btanh(x)? a tanh (x)
+ +
b /2 (a+b)3 /2

b(a+b)ya+btanh(x)?



Result (type 3, 327 leaves):
(tanh ) Vb ++a+btanh(x ) 1
—1)b+a+b

tanh (x) n tanh (x) B
b2 2 (a —i—b)\/b(tanh(x) —1)2 42 (tanh(x)

aya +btanh(x)> b+ a +btanh(x)?
(tanh(x) —1) b +2b)

b (2
+
(a+b) (4b(a+b) —4b2) b (tanh(x) —1)2 +2 (tanh(x) — 1) b+a+b
—1)2 42 (tanh(x) —1)b+a+b ]

| ( 2a+2b+2 (tanh(x) — 1) b +2ya+b b (tanh(x)
+ tanh(x) — 1
2(a+b)372
1 " b (2 (1 +tanh(x)) b —2b)
(a+b) (4b(a+b) —4b2) b (1 +tanh(x))2—2 (1 +tanh(x)) b +a +b

_|_
2(a+b)yb(1+tanh(x))2 =2 (1 +tanh(x)) b +a +b

[2a+2b—2(1+tanh ))b+2Ja+b b (1 +tanh(x))?

2 (1 +tanh(x))b+a+b ]

~ In | + tanh (x)
2(a+b)> 7"

Result more than twice size of optimal antiderivative

Problem 66:
J tanh (x) o
(a + btanh(x)?)
Optimal (type 3, 41 leaves, 5 steps):
arctanh a +btanh(x)2 ]
Ja+b _ 1
32
(a+b) (a+b)Ja+btanh(x)?
Result (type 3, 272 leaves):
1 4 b (2 (tanh(x) — 1) b +2b)
(a+b) (4b(a+b) —4b%) b (tanh(x) —1)2 +2 (tanh(x) — 1) b+a+b

2 (a+b)b (tanh(x) —1)2+2 (tanh(x) —1)b+a +b

—1)2 42 (tanh(x) —1)b+a+b ]

ln( 2a+2b+2 (tanh(x) — 1) b +2a 5 b (tanh(x)
+ tanh(x) — 1
2(a+b)*/
1 . b (2 (1 +tanh(x)) b —2b)
(a+b) (45 (a+b) —45*) b (1 +tanh(x))2—2 (1 +t@nh(x)) b +a+b

2(a+b)yb(1+tanh(x))2 =2 (1 +tanh(x)) b +a +b

1[2a+2b—2(1+tanh ))b+2Ja+b b (1 +tanh(x))?

2 (1 +tanh(x))b+a+b ]

1 + tanh(x)
+
2 (a+b)37"




Problem 67: Result more than twice size of optimal antiderivative.

1
dx
J (a +btanh(x)2)®
Optimal (type 3, 48 leaves, 4 steps):

arctanh[ Ja@ + b tanh(x)

a + btanh(x)?
(a+b)372

b tanh (x)

+

a(a+b)ya+btanh(x)?
Result (type 3, 271 leaves):

i 1 N b (2 (tanh(x) —1) b +2b)
2 (a+b) b (tanh(x) —1)2+2 (tanh(x) — 1) b+a +b (a+b) (4b(a+b) —4b2) b (tanh(x) —1)2+2 (tanh(x) —1)b+a+b

ln[ 2a+2b+2 (tanh(x) —1)b+2Ja+b \/b(tanh(x) —1)2+2 (tanh(x) —1)b+a+b J
tanh(x) — 1
2 (a+b)3 2

N 1 N b (2 (1+tanh(x)) b —2b)

+

2(a+b)yb(1+tanh(x))>—2 (1 +tanh(x))b+a+b (a+b) (4b(a+b) —4b%) b (1 +tanh(x))> —2 (1 +tanh(x)) b +a +b
m( 2a+2b—2 (1 +tanh(x)) b +2a+b b (1 +tanh(x))> =2 (1 +tanh(x))b+a+b )
B 1 +tanh(x)
2(a+b)3/2

Problem 68: Result more than twice size of optimal antiderivative.

J tanh (x)°

dx
(a +btanh(x)2)° 7
Optimal (type 3, 72 leaves, 6 steps):
2
arctanh a + btanh(x) ]
Ja-+b n a(a+2b) B a?
5 /2 3 /2
(a+5)°/ b (a+b)2atbamh(? 362 (a+b) (a+btanh(x)?)>
Result (type 3, 468 leaves):
1 tanh (x)?2 2a 1
23/2+ 23/2+ 2 013 /2 2 3 /2
3b (a + btanh(x)?) b (a + btanh(x)?) 3b% (a + btanh(x)?) 6 (a+b) (b (tanh(x) —1)%2 +2 (tanh(x) —1) b +a +b)
4 b tanh (x) b tanh (x)

3/2+

6 (a+b)a(b(tanh(x) —1)%+2 (tanh(x) —1)b+a+b) 3(a+b)a?b (tanh(x) — 1) +2 (tanh(x) — 1) b+a +b

B 1 n tanh(x) b

2 (a+b)2Jb (tanh(x) —1)2 42 (tanh(x) —1)b+a+b  2(a+b)2ayb (tanh(x) —1)2+2 (tanh(x) — 1) b+a+b




n 2a+2b+2 (tanh(x) —1)b+2a+b \/b(tanh(x) —1)?> 42 (tanh(x) — 1) b+a+b

1

tanh(x) — 1
_|_
2(a+b)372
_ 1 _ btanh(x)
6 (a+b) (b(1+tanh(x))2—2 (1 +tanh(x))b+a+b) "> 6(a+b)a(b(l+tanh(x))2—2 (1 +tanh(x))b+a+b) "
_ b tanh (x) B 1
3(a+b)a*Jb (1 +tanh(x))2—2 (1 +tanh(x))b+a+b  2(a+b)2Jb (1 +tanh(x))2—2 (1 +tanh(x))b+a+b

tanh(x) b

2 (a +b)2a\/b(1 +tanh(x) )2 —2 (1 +tanh(x)) b +a +b

N 2a+2b—2(1+tanh(x))b+2Ja+b \/b(l +tanh(x))2—2 (1 +tanh(x))b+a+b
1 +tanh(x)

2(a+b)°"

1

_|_

Problem 69: Result more than twice size of optimal antiderivative.

J tanh (x)? dr
(a + btanh(x)z)5 /2

Optimal (type 3, 74 leaves, 6 steps):

arctanh( Va+b tanh(x) ]

a+btanh(x)? ) (2a — b) tanh(x) 3 tanh (x)
(a+b)° 7 3a(a+b)2Ja+btanh(x)2 3 (a+b) (a +btanh(x)2)* 7
Result (type 3, 453 leaves):
B tanh (x) _ 2 tanh (x) B 1
34 (a +btanh(x)2)> 72 3 Ja+btanh(x)2 6 (a+b) (b(tanh(x) —1)>+2 (tanh(x) — 1) b +a +b)> Z
N b tanh (x) N b tanh (x)
6 (a+b)a(b(tanh(x) —1)2+2 (tanh(x) = 1) b+a+5)> " 3 (4+b) b (@nh(x) —1)2 T2 (nh(x) —1) b+ atb

_ 1 n tanh(x) b

2(a+b)2Jb (tanh(x) —1)2 42 (tanh(x) —1)b+a+b  2(a+b)2ayb (tanh(x) —1)2+2 (tanh(x) — 1) b+a+b
o 2a+2b+2 (tanh(x) —1)b+2Ja+0b b (tanh(x) —1)2+2 (tanh(x) — 1) b+a+b

1

tanh(x) — 1
+
2(a+b)° "
1 btanh(x)
* 2 ia T 2 3 /2
6 (a+b) (b(1+tanh(x))?—2 (1 +tanh(x))b+a+b) 6 (a+b)a(b(1+tanh(x))?—2 (1 +tanh(x))b+a+b)



b tanh (x) 1

+ +
3(a+b)a*yb (1 +tanh(x))2—2 (1 +tanh(x))b+a+b  2(a+b)2Jb (1 +tanh(x))2—2 (1 +tanh(x))b+a+b
i tanh(x) b
2(a+b)%2ayb (1 +tanh(x))2 —2 (1 +tanh(x))b+a+b
| 2a+2b-2(1 +tanh(x)) b+2Va+b Jb (1 +tanh(x))2 —2 (1 +tanh(x)) b +a+b
B 1 +tanh(x)
2(a+b)372

Problem 71: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jtanh(x) (a +btanh(x)*)® 7% dx

Optimal (type 3, 101 leaves, 9 steps):

2 2
(a+b)3/2arctanh a + btanh(x) ] (3a +2b)arctanh[ Vb tanh (x) ]\/7
Ja+ba +—btanh(x)4 a +—btanh(x)4 _Aa +—btanh(x)4 (2(14—2l)+—btanh(x)2)
2 4 4

(a +btanh(x)*)® 7

6
Result (type 4, 619 leaves):

2
baarctanh[ 2btanh(x)* +2a ]
_31n(2\/_tanh 24 a+btanh )\/_a 2Ja+b Ja+btanh(x)?
a+b
2
(—ba—l—bz J_/ IJ—tanh | 4 LB tanh(x)* EllipticF[tanh(x) Vb ,I]—EllipticE[tanh(x) /b
a Ja Ja

')

zlﬁ

a

(__ba_bz J—/ IJ_tanh | 4 L/F tanh(x)?

a

a +btanh(x)4 Jb

EllipticF [ tanh (x) Vb , IJ — EllipticE [ tanh (x) Vb
Ja Ja

')

2 /b a +btanh(x)* VB

a



2 2
(—i ba—bz)/l _ 1/b tanh(x)* /1 +@ EllipticF[tanh(x) /b ,1]

a a

2 /b va +—btanh(x)4
Ja

2 2
(iba+b2)/1 _ /b tanh(x)® [, IV tanh(x)® EllipticF[tanh(x) N ,1]
3 Ja Ja Ja _ m(2y7 tanh(x)? +2/a +brnh(0)? ) 8 2

2
2 /b Ja + btanh(x)*
Ja

2 2
azarctanh[ 2btanh(x)? +2a ] bzmtanh[ 2btanh(x)? +2a ]
N 2Jatb Ja+btanh(x)* ) | 2Ja+b Ja+btanh(x)* )  btanh(x)*Ja + btanh(x)*
2Ja+b 2 a+b 6
_ btanh(x)*Ja +btanh(x)*  2Ja+btanh(x)* @  bya+btanh(x)*
4 3 2

Summary of Integration Test Results

162 integration problems



HoQw >

76 optimal antiderivatives

66 more than twice size of optimal antiderivatives
2 unnecessarily complex antiderivatives

18 unable to integrate problems

0 integration timeouts



